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We reconsider the relation of superconfornial indices of snperconfornial field theories of class 
S with hve-dimensional M = 2 supersymmetric Yang-Mills theory compactihed on the product 
space of a round three-sphere and a Riemann surface. We formulate the hve-dimensional theory in 
supersymmetric backgrounds preseving M = 2 and A/" = 1 supersymmetries and discuss a subtle 
point in the previous paper concerned with the partial twisting on the Riemann surface. We further 
compute the partition function by localization of the hve-dimensional theory on a squashed three- 
sphere m M = 2 and J\f = 1 supersymmetric backgrounds and on an ellipsoid three-sphere in an 
J\f = 1 supersymmetric background. 
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1 Introduction 


In the previous papers [1, 2], we have attempted to give a physical proof for the conjecture of [3]. The 
conjecture states that the Schur limit of the superconformal index [4] of a four-dimensional M = 2 
superconformal theory of class iS [5, 6] can be computed by two-dimensional g-deformed Yang-Mills 
theory [7]. The M = 2 superconformal theory of class S is dehned in [6, 5] as the infrared limit of 
M5-branes wrapped on a Riemann surface^ S, and according to the conjecture, one may compute 
the Schur index of the theory by making use of the g-deformed Yang-Mill theory on S in the zero 
area limit. 

The superconformal index may be captured by the partition function of the four-dimensional 
theory compactihed on x S'^. (See [8] for the extension to S with nonzero area.) Since the 
infrared limit of M5-branes gives rise to the putative six-dimensional M = (2, 0) superconformal 
theory, it is conceivable to obtain the index by computing the parition function of the M = (2, 0) 
theory compactihed on x x T, with a partial twisiting on S. The idea^ has been argued in [9] 
as a “top-down” approach to uncover the relation of a generic superconformal index of the theories 
of class S with a topological held theory. For a review of the superconformal indices of theories of 
class S, see [15]. 

In the previous papers [1, 2], we put the idea into pracitce by exchanging the order of the 
compactihcations; regarding M5-branes wrapped on a circle as D4-branes, we compacitihed hve- 
dimensional M = 2 supersymmetric Yang-Mills theory on S with a partial twisting and further on 
the round in a somewhat ad hoc way. Computing the partition fucntion of the compacitifed 
theory by localization, we have found that the hxed points give the helds of the g-deformed Yang- 
Mills theory, and that the one-loop contributions and the classical action at the hxed points yield 
the measure of the partition integral of it; namely, the partition function of the hve-dimensional 
compactihed theory is reduced to that of the two-dimensional g-deformed Yang Mill theory. 

However, there was a confusion about the partial twisting in [1]. The supersymmetric background 
used in [1] - especially, the partial twisting - preserved only M = 1 supersymmetry in four dimensions. 
Since the conjecture in [3] is concerned with the four-dimensional M = 2 superconformal theories, 
the results in [1] seem to have nothing to do with the conjecture. 

The construction of the M = 2 superconformal theories by the twisted compactihcation of the 
M = (2,0) theory on S has been generalized for M = 1 supersymmetic theories in four dimensions 
[16, 17, 18, 19], which we will refer to as A/" = 1 theories of class S. We can see that the twisting 
used in [1] is identical to what is called^ the J\f = 1 twist in [16]. 

Superconformal indices of the J\f = 1 superconformal theories of class S have been calculated in 
four dimensions in [20]. A simple comparision shows that the result in [1] is in good agreement with 
the Schur limit of the mixed Schur index in [20], as we will see later. 

The questions we raise are two-fold; hrst, when the W = (2,0) theory compactihed on S with the 
Af = 2 twisting so that M = 2 supersymmetry remains unbroken in four dimensions, whether will 

Mhe Riemann surface is commonly denoted by C in the recent literature and is often refered to as a UV curve. 

^Similar contructions have been used in [6, 10] to explore four-dimensional M = 2 superconformal field theories of 
class S. See also [11] for W = 1 supersymmetric theories. See [12, 13] (also [14]) for related works on three-dimensional 
Chern-Simons theory from M5-branes. 

^See Appendix D of [16] about the embedding of the spin connection on S to the i?-symmetry group. The Af = 1 
twist corresponds to the case of h = h in their Calabi-Yau construction of [19]. 
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we obtain the g-deformed Yang-Mills theory on S via localization? This was the original motivation 
in the previous paper [1, 2], 

Second, when replacing the round by a deformation of the S^, such as a squashed and an 
ellipsoid S^, as discussed in [21, 22], whether will we obtain a deformation of the Schur index for the 
round S^, like the mixed Schur index in [20]? 

We will make an attempt to answer both of the questions in this paper, which is organized as 
follows: in sections 2 and 3, we will begin with the construction of the hve-dimensional supersym¬ 
metric Yang-Mills theory on a curved space, based on the idea of [23] that the helds of an off-shell 
supergravity multiplet are utilized as background helds to preserve supersymmetries of the held the¬ 
ory on a curved space. In fact, through the dimensional reduction of the six-dimensional J\f = (2, 0) 
conformal supergravity in [25], on-shell supersymmetry transformations and an on-shell action of the 
hve-dimensional theory compactihed on a curved space have been derived in [24], following the idea 
|23]. 

Therefore, sections 2, 3, and 4 are essentially devoted to a review of [24], up to a few points that 
we perform the dimensional reduction in the time direction of the six-dimensional theory, instead 
of the spatial direction as in [24]. And we obtain oh-shell supersymmetry transformations and an 
oh-shell action of the hve-dimensional theory on a curved space in section 6, which are necessary to 
carry out localization. 

In section 5, we will discuss the partial twistings mentioned above -the J\f = 1 twisting and the 
Af = 2 twisting - in more details, in the language of the background gauge held of the /^-symmetry 
group, and we will decribe the supersymmetric background on a round in [1, 2] in terms of 
supergravity background helds for the Af = 1 twisting in subsection 5.1, and give a supersymmetric 
background on the round for the Af = 2 twisting in subsection 5.2. 

We will proceed to consider two supersymmetric backgrounds on a squashed S'^ - the analog of 
the background in [21] and of the one in [22] - in subsections 5.3 and 5.4, respectively. Especially, 
for the former, we will give supersymmetry backgrounds for both of the twisitings. 

In subsection 5.5, we will discuss a supersymmetric background for the Af = 1 twisting on an 
ellipsoid in an analogous way to [21]. 

After the discussions about the oh-shell formulation of the hve-dimensional theory in section 6, as 
mentioned above, we will explain our localization method in depth in section 7. We will compute the 
partition functions by localization on the round and squashed S'^’s in section 8 for the background 
in section 5.3 and that on the ellipsoid in section 9 for the background in section 5.5. 

However, the computation of the partition function on the squashed for the background in 
section 5.4 somewhat doesn’t seem straightforward to be done by localization, and we will leave it 
as an open question. Finally, section 10 is devoted to the summary and discuusions of this paper. 

Appendix A is a simple collection of our conventions about the (anti-)symmetrization of various 
indices and about diherential forms, used in this paper, and the gamma matrices of the Lorentz groups 
in hve and six dimensions are shown in our repsentation in appendix B. The i7-symmetry group of 
the six- and hve-dimensional theories are commonly Spin{5)ii ~ Sp{2)j^ and the associating gamma 
matrices in our represenation are given in appendix C. The spinors in the theories are symplectic 
Majorana-Weyl spinors and in appendix D, our convetions about those spinors are explained. 

After the dimensional reduction of the conformal supergravity, supersymmetry transforms of the 
fermionic helds in the supergravity multiplet (the Weyl multiplet) yield supersymmetry conditions 
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on the background fields to preserve supersymmetries on the curved background. Besides the super- 
symmetry condition derived from the gravitino field, there is another supersymmetry condition from 
the fermionic auxiliuary field in the Weyl multiplet and it is too long to write down explicitly in the 
text. Therefore, the explicit form of the supersymmetry condition is written in appendix E. 

In appendix F, a few formulas which we think are useful to verify the invariance of the actions 
in sections 3 and 4 under the supersymmetry transformations are given. 

In appendix G, Killing spinors and metrics are discussed on the round, squashed, and ellipsoid 
S^, following [21, 22]. 

Appendix H explains the difference among the notations used in [25], in [24], and in this paper, 
and further the difference between the notations used here and in the previous paper [1]. 

2 Euclidean 5D J\f = 2 SYM in SUGRA Backgrounds 

In this section, the dimensional reduction along the time direction will be performed for the six¬ 
dimensional J\f = (2, 0) conformal supergravity derived in [25]. This section, the sections 3 and 4 are 
essentially a review of [24], but the spatial dimensional reduction was carried out there. 

In subsection 2.1, we will recapitulate the main results of [25], which we will need in this paper 
about the supergravity mulitplet called the Weyl multiplet in the conformal tensor calculus. 

In subsection 2.2, we will discuss the dimensional reduction of the Weyl multiplet, which play 
roles of supersymmetric background fields to retain supersymmetreis of the five-dimensional Yang- 
Mills theory on a curved space. Subsection 2.3 is just a small digression about the relaton of Killing 
spinors with Killing vectors. 

2.1 Weyl Multiplet in 6D J\f = (2,0) Conformal Supergravity 

In this paper, following [24], we will carry out dimensional reduction of the six-dimensional Af = (2, 0) 
supergravity in [25] to obtain a five-dimensional Euclidean maximally supersymmetric Yang-Mills 
theory in supergravity backgrounds. It has been discussed in [23] that the supergravity backgrounds 
provide a systematic method for supersymmetric compactifications of supersymmetric field theories. 
The construction of the supergravity in [25] is based on the conformal tensor calculus. (See the 
textbook [26] for the conformal tensor calculus and references therein.) 

In this approach, one starts with a gauge field theory by gauging the six-dimensional A/" = (2,0) 
superconformal symmetry group OSp(2, 6j4), whose bosonic part consists of the conformal group 
S'0(2,6) and the i?-symmetry group Spm(5). The symmetry group OS'p(2,6|4) is generated by 

Pa : translation, D : translation, Mgh '■ Lorentz, Ka '■ special conformal, 

Rij : i?—symmetry, Q°' : supersymmetry, S°‘ : conformal supersymmetry, 

whose corresponding gauge fields are shown in Table 1. 

Let us list the notations of the various indices on the generators and the gauge fields; 

• ^ = 0,1, • • • ,5; the Lorentz indices, 

• = 0,1, • • • , 5; the coordinate frame indices. 
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• /, J = 1, • • • , 5; the vector indices of the Spin(5)j^ symmetry, 

• a, /3 = 1, • • • , 4; the spinor indices of the Spin(5)R symmetry. 

The fermionic helds and are the gauge helds of the supersymmetry and the conformal 
supersymmetry, respectively. They are symplectic Majorana-Weyl spinors of positive and negative 
chirality, respectively. See Appendix D for our conventions about symplectic Majorana-Weyl spinors. 


gauge helds 

transformations 

restrictions 

Spin(5)H 

weight 

boson 


E\ 

Pa'- translations 

sechsbein 

1 

-1 

h 

D'. dilatation 


1 

0 


Rij'- /^-symmetry 

y IJ ^ _V Ji 

10 

0 

fermion 




gravitini 




supersymmetry 


4 

-1/2 

dependent gauge helds 

boson 



Mab'- local Lorentz 

spin connection 

1 

0 

/> 

Ka'- special conformal 


1 

+1 

fermion 


0 ^ 

S'": conformal supersymmetry 

= -r. 

4 

+1/2 







Table 1: The gauge helds of the 6D M = (2, 0) superconformal symmetry. 

A straightforward manner of gauging translations doesn’t lead to general coordinate transforma¬ 
tions which is indispensable to a theory of gravity. To gain general coordinate transformations from 
translations in the conformal tensor calculus approach, auxiliary holds'^ in Table 2 are introduced 
and the transformation laws of the gauge helds are deformed by imposing some constraints on the 
gauge held strengths and the auxiliary helds such that the resulting transformation laws give a closed 
algebra, as explained in [26]. 

Furthermore, one requires the invertibility of the gauge held of translations to solve the 
constraints, which allows us to regard it as the sechsbein. Solving the constraints makes the gauge 

^They are referred to as ‘matter fields’ in [25, 24]. It is not always necessary to introduce auxiliuary fields for the 
deformation, and it depends on the numbers of supersymmetries and the dimensions of spacetime, i.e., superconformal 
algebras. See [26] for more details. 
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auxiliuary fields 

symmetries 

Spin(5)R 

weight 

bosonic fields 


™/3 _ defrnaP 

— QPC 31 ^aoc- ^ dej") 

rpOL^ _ rpf^OL Q rpOL^ _ r\ 

±_ abc — ±_ abcj abc — 

5 

1 


J\^ap,'y5 _ ]^-yS,a0 _ _j^l3a,'yS _ ^ 

= o. 

14 

2 

fermionic field 

a/3 

A 7 

p7 0/3 _ a/3 a(3 _ _^lSa Q a/3 _ yjB _ q 

:LA7 A7’A7 a 75 ^^apA 7 A 7 '^5 

16 

3/2 


Table 2: The auxiliuary fields for the deformation of the super conformal symmtry. 


fields , f-^, and 0"^ dependent fields given in terms of the other gauge fields and the auxiliuary 
fields. In fact, they are given by 


= + . £, = ■■■, (1) 
L% = +■■■, (2) 

where the ellipses • • • denote the contributions from the fermionic fields. One can see that the spin 
connection is a generalization of the Levi-Civita spin connection satisfying 

dE^ + u\AE^ = 0, E^ = E^^ dXi^, 


and is the Ricci tensor 

R,%m = QhRujrm, 

of the curvature tensor of the spin connection 

R\{W = ^R^\{W E^AE^ = dn\ + A 

where 0-6 denotes the inverse of the sechsbein he., coframe. 

After the deformation, one finds a closed algebra with the (covariant) general coordinate trans¬ 
formations. The remaining independent gauge fields and auxiliary fields form a multiplet called the 
Weyl multiplet including the graviton, the gravitini and the others. We show the resulting bosonic 
transformations of the independent gauge fields, except for the (covariant) general coordinate trans¬ 
formations. 


SE^=-\DE^+t<-\El, 
SVj’ = dAR''’ + 



+ L 




+ jAfl" (PuT 0 

= d^Af) — 2AKaE_^-., 
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where An, Aab, A^a, and Ar-^, are the parameters of dilatation, the Lorentz, special conformal, and 
/^-symmetry transformations, respectively, and under the first four transformations, the auxiliuary 
helds transform as 

= Ad T“ V, = 2Ad ^ 

Under the /^-symmetry transformations, they transform in the representations shown in the Table 
2, respectively. 

The resulting supersymmetry {Q-) transformations and superconformal {S-) transformations on 
the gauge helds and the auxiliuary helds are given by 




tt 2 




(3) 


= Yg y“)^CT*r^fl'’U((3) - - (i■’fCT^x‘‘^ - (trace), 
way, = - /' + 2 - (trace), 


+ + (trace), 


with (trace) denoting necessary terms to give the same irreducible representations of the /^-symmetry 
group as the helds on the left hand sides. The parameter e" of a supersymmetry transformation and 
77 “ of a superconformal transformation are symplectic Majorana-Weyl spinors of positive and negative 
chirality, respectively; 


r^e“ = e'^ 


£7^a = 


The operation T denotes transpose, and so (e“)^ and ( 77 ")^ are the tranposes of e" and 77 ", respec¬ 
tively. The curvature R°‘g^{Q) is the held strength of the supersymmetry gauge held (graitini) -0“^, 
whose exact form can be seen in [25], but it will not be necessary in this paper. 

Here the covariant derivatives of e“ and are given by 

2„c“ = ay + by + j(y)-nsc“ - ^(yj'dp^yyy, 

2y”y = ay“y + (s„) i/r% - + jZ/yP/Ty 

Here, the held strength of the /^-symmetry gauge held is given by 


= 2^iJ'^{pijT/3 = 2 


2.2 Temporally Dimensional Reduction of the Weyl Multiplet 

In this subsection, the dimensional reduction of the Weyl multiplet along the time direction will be 
considered in the same way as the dimensional reduction along one spatial direction was performed 
in [24], where the strategy in [27] was followed. 







For the usual ansatz for the metric 


dsl = {dt + Cf + dsl = + dsl = 

a=0 


where 

1 5 

g> = - {dt + C), dsl = J2 

a=l 

as a gauge-hxing condition, the six-dimensional coframe (/i = f, 1, • • • , 5; a = 0,1, 2, • • • ,5.) can 
be taken by a local Lorentz transformation to be 



a-^C„ 




where /i = 1, 2, • • • ,5; a = 1, 2, • • • ,5. Here, a is a scalar field (a.k.a. dilaton), which is sometimes 
denoted by ~ exp(—yj), but we will follow [27, 24] to denote it by a. Therefore, one can see that 

^ {dt + C), = e“ = 

For the gauge field C = C^dx^, we dehne the field strength 

G = dC = -G.^dxi^ A dx\ 

Since the six-dimensional coframe ©-„ is inverse to the sechsbein it takes the form 




ot at 
ft 0 ft a 

e^O Of^a 


a -Ca ^ 

0 )' 


under the gauge-fixing condition, with Ca = O’^aC^, where the funfbein e“^ and the five-dimensional 
coframe satisfy 

e\e% = d\, ef^ae\ = df^u. 

One then finds the Levi-Civita spin connection u— = e- satisfying de- + A e- = 0, 

(klo)° a = --O^a d^a, (Wo) ab = (^J ofe = ^Gab, = {Uaf" , 

(X la 

with the five-dimensional Levi-Civita spin connection = {x}(^°^ satisfying dG" uj°‘b A = 0, 
and Gab = 

As in [27, 24], we will continue the partial gauge-fixing by using the conformal supersymmetry 
transformation S'" to set '0'^o = 0; the special conformal tansfor mat ions Kq to set ftp = Oj Ka to 

k^, = ^^^a, (/i = 1,2,---,5). 

The latter condition makes the dilaton held a covariant constant [27]; 


V^a = d^a - h^a = 0 , 

which will be convenient for the calculations below. 

The partial gauge hxing conditions are summarized as 
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( 4 ) 


We will use as shorthand for a and ba = Oa^b^. 

Therefore, under the gauge hxing condition, one has the dependent gauge held in (1) 

(a)“a=o, = (a-) 

ab (^/i) ab T b ('bfj,^ a) ~di,Oi. 


a 


Among them, after the dimensional reduction, the component 

(ilc)a6 = ©4(0^) aft = {(^c)ab + ^ac &ft “ She ba = 0^^ aft 

often appears in the covariant derivatives, and we refer to it as (hlc) aft- 

The auxiliuary helds T^^abc are decomposed into hve-dimensional helds t\b by 


V = 

' n 




rpa0 _ 
^ aoc — 


r^Oaft = t'aft {Pl^-Y , 
T^^abc = -{imSabc^^T^^ Ode 5 


with £12345 = = 1. Note that the gauge held is given by 


A/'" = e%Aj-^ = e\Q\Vj-^ = = Z/-" - -C, 

a 

Let us remove the underline_from to denote its reduced one as It is sometimes 

convenient to replace the spinor indices a, (3 of by the vector indices I, J as 

= -M^-^ (piQ-^) {Qpj) ^s. 

The held is in the reprensentation 14 of the Spin(5)i{ group and enjoys the symmetry properties 

The time component of the gravitini is set to zero by the gauge hxing condition (4); = 0, and 

we will denote the remaining components (h = 1 )''' > 5) simply as 

since it is of positive chirality, and our convetion of the chirality is found in Appendix D. 

Since the auxiliuary spinor is also of positive chirality, we will take 

a/3 15 f 

^ ’=16 0 '■ 


with the convenient coefficient 15/16 in [24], 
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The parameters e" and 77 “ of supersymmetry and conformal supersymmetry transformations are 
of positive and negative chirality, respectively, and we will take 


e 


a. 





The gauge hxing condition (4) is changed under the supersymmetry {Q-) tranformation (3). In 
particular, the zeroth component of the gravitino transforms under the supersymmetry {Q) and the 
conformal supersymmetry (S') as 

- i'5" + i + E)2”. (5) 


under the gauge hxing condition (4). However, combining the supersymmetry {Q-) and the confor¬ 
mal supersymmetry (S-) transformations, one can hnd that one linear combination of them leaves 
the condition '^"o = 0 unchanged. For any e“, one can see that the conformal supersymmetry 
transformation with the parameter 

" S'®" k") 

compensates for the deviation (5) from the gauge hxing condition on the gravitini. 

Among the other gauge hxing conditions in (4), the condition = 0 remains unchanged under 
the supersymmetry (Q-) and the conformal supersymmetry (S-) transformaions. But, the remain¬ 
ing gauge hxing conditions &o = 0 and = a~^dfj,a are changed under those transformations. 
However, the deviations can be canceled by the special conformal {K-) transformations with appro¬ 
priate paramemters A^a- Note here that and 7/;"o are left invariant under the special conformal 
{K-) transformations. Thus, one may dehne a supersymmetry transformation in the reduced hve- 
dimensional theory as the linear combination of supersymmetry {Q-), conformal supersymmetry (S'-), 
and special conformal {K-) transformations. 

Following the ideas in [23], we are seeking for supersymmetric backgrounds of the reduced theory 
to obtain supersymmetric compactihcations of the Af = 2 supersymmetric Yang-Mills theory in hve 
dimensions. Since we would like to consider bosonic backgrounds, we will turn oh background spinor 
helds, and we will hnd the supersymmetric bosonic backgrounds leaving the spinor helds 
unchanged under some of supersymmetry transformations in the reduced theory. 

From the supersymmetry transformation of the gravitini 


-^GbcXa 

4 2a 8a 


bc^ct 


bci^pl'} 


/37. 


be 0 


with the covariant derivative of the supersymmetry parameter 


= e^ad^e'^ + + ^(f^a)%ce“ - (pjj) 


one can see that the supersymmetric bosonic backgrounds should obey 




( 7 ) 
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Under a supersymmetry transformation, the auxiliuary spinor transforms as 


i5.x“y = 



(8) 


with t°'^ab = t\b{pi^ and 5'“^ = (l/ 2 )S'^‘^(p/j)"/ 3 , where the ellipse • • ■ denotes the necessary 


terms^ to leave the right hand side in the representation 16 of the Spin(5)i? symmetry, since is 
in the reprensentation 16. Here, the two covariant derivatives are given by 



with = {l/ 2 )Afj_^-^{pij)°‘i 3 , whose curvature tensor = ( 1 / 2 )F^,^'^'^ {pu)^ 0 is defined by 



Therefore, the other condition for the supersymmetric backgrounds is that the right hand side of 
( 8 ) should vanish. The explicit form (92) of the supersymmetry condition is given in Appendix E, 
because the equation is very lengthy to write it here. 

Thus, (7) gives the Killing spinor equation, and supersymmetric backgrounds have to allow the 
existence of the solutions (the Killing spinors) to the equation. One may interpret that (92) deter¬ 
mines the background field which will appear in the mass term of the scalar fields in the 

five-dimensional M = 2 supersymmetric theroy, as will be seen below. 

2.3 The Killing Vectors and the Killing Spinors 

The Killing spinors e“, obeying the equation (7) form the bilinear 




and its covariant derivative 



satishes Vaib + = 0. See Appendix D for the notations for the bilinears (7 ■ '“"*e)- 

The vector field obeys the conformal Killing vector equation 



(9) 


®In [24, 25], they are denoted as (trace). 
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with the covariant derivative which is related to the previous covariant 

derivative as 

'I^a^b = Va'Cb + lab {bcC) + ^[a'Cb]- 

In fact, the equation Va^b + 'I^b^a = 0 leads to 

Va^fe + Vb^a = —2?7a6 , 

which gives the conformal Killing vector equation (9). 

3 Tensor Multiplet in the Supergravity Theory 

To the conformal supergravity, tensor multiplets can be added as matters, and after the dimensional 
reduction, they give rise to A/” = 2 gauge multiplets in five dimensions. It therefore yields a five¬ 
dimensional Af = 2 supersymmetric Abelian theory in the supergravity background. It is the topic 
of this section. 

A tensor multiplet 0“^, x“) of the Af = (2, 0) supergravity is listed in Table 3, and the field 
strength of the two-form 5 is given by 

H = ^ AE^ = dB. 

The transformation rules and the equations of motion of the tensor multiplet were derived in [25]. 


tensor multiplet 

symmetries 

Spin(5)ij 

weight 

bosonic fields 

Rfii' 

B j 11/ B i/ji , 

1 

0 

0“^ 


5 

2 

fermionic field 


r"x“ = -x“, 

4 

5/2 






Table 3: The tensor multiplet in the six-dimensional supergravity. 


Under a fermionic transformation (supersymmetry-|- conformal supersymmetry), the tensor mul¬ 
tiplet transforms as 

= <(«”)'r%„x“. = -2i (&)*eV + fe)’rv - "(2“' feTEV, 

11 1 
V = g • ^ w,e=e” + - T !^ - 

where = (1/2) ± *H) . (See the definition of the Hodge dual * in Appendix A.) The covariant 

derivative of the scalar field 0"^ is 

= 9,r'’ - 2^“'’ - liE," - iiE" (p„)yrE 
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The equations of motion of the tensor multiplet are given by 


( 11 ) 

( 12 ) 

(13) 


H- - = 0 , 

^ ^ = 0 , 

L-VaX^ - ^r^^r^x/3 = 0, 

with the covariant derivatives 

= e^a (S'm - 34 ) + (fia) 

ipij) ^ ipij) ^z-r" - (^) 

x“ ={d,-^b, + ^ X“ - ^ Z/" iPlj) “/3/. 

3.1 Dimensional Reduction of the Tensor Multiplet 

From the six-dimensional Minkowski space to the hve-dimensional Euclidean space, the dimensional 
reduction of the tensor multiplet gives rise to the hve-dimensional abelian gauge multiplet 0 ^, 
X“), 


5^ —^ Bao = aAa = a9>^aA^, (a = 1, 2, • • • , 5) 



The remaining components are described by and through the equation (11) of motion of 
H~, which is reduced to 

IL abO = - ^al3 T°‘^abO - > ‘^O'(pi ab- 

Since the components H_abo reduce to the held strength of 

iLfiut = dfj^Byt + dyBt^ + dtB^y —)■ d^Ay — dyA^ = F^y, H_abo a9’^bF^y = aFah-, 

one can see that the components H_abc are reduced as 

Kabc = H+abc + H-abc = -£ab/^ {H-^deO " R-= -Sab/^ (^deO " 2H- 
-1 a ^ eab/"" {Fde - 4 fde) ■ 

We have previously seen that a six-dimensional supersymmetry transformation with a transfor¬ 
mation parameter e" combined with the superconformal transformation with in ( 6 ) is reduced 
to a hve-dimensional supersymmetry transformation. Substituting the parameter 77 “ in ( 6 ) into the 
fermionic transformation rules in ( 10 ) of the tensor multiplet, one can see that their reduction gives 
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the supersymmetry transformation of the abelian gauge multiplet, 

S,A„ = - (e“)^ C7,.x“. j (e“)^Cxt 

<5.X“ = (p,) (p,) + S’j 4,^ (p,r ptf’ 

+]^CuklmS‘^4'''' + *'<.!.'#>■' (P/j) “/j7“‘«'’. 

with the covariant derivative of 0^, 

The reduction of the external derivative of the equation (11) 

d{*H + ^^^T^^)=0, 

yields the equation of motion of the gauge field 

d[a*(F — 4 0/f^)] + FAG = 0, 

where 

F = - Ffj^ipdx^ A dx'", = - t\iydx^ A dx'", ^ ~ 2 ^ ' 

The equations (12,13) of motion are reduced into 

7'‘I>,.x“ - ^G'„,7 “‘x“ - ls„(p")“flX'’ + = 0, 

- sy s-'a- A - (Si) - 4vy 

5 15 

-^G„iG“V' + 4 t'at t/” 4:^ - 2 1\ F^" = 0, 


( 14 ) 


(15) 


(16) 


with 

v'^Va(p^ = 
where the covariant derivative of y 


(S^ - 26y 


VpX° = d^x° - + j(2/yi„x“ - Ipl/-' (p/l) “px”, 


with the spin connection 11^“^ = 0 ;^“^ + — e^^6'^°‘)b^, and the scalar curvature R{Q) of 11^“^ is 

defined by R{^d) = 9^ad ’'which comes from 


R{Q) = R{Q) + ^GabG’^^. 

From the equations of motion (15,16), one obtains the bosonic part of the action of the abelian 
gauge multiplet 


Lb 


J [a{F- 40^ F) a * (F - 40'^tj) + F a F a F] 

j dx^x/ga + Mbij(I>^4>'^] , 


(17) 
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with 


■M-BIJ — g Sjj (r (fi) + “*“ ”*” ~ Si^SjK^ 


and the fermionic part 

Lf^'- I di''Vja(x“fC 


y‘‘V,X^a„f - —G„t7“YSi«^ 


(18) 


One can verify that the total action L = Lp + Lb is left invariant under the supersymmetry 
transformation (14). However, it is a lengthy calculation to verify the supersymmetry invariance of 
the action L. Although we do not intend to pause for a detailed demonstration of it, we will discuss 
a supersymmetry transformaion of the mass term of the scalar fields 0^ in the action in Appendix 
F, which we think is one of the keys to verify the supersymmetry invariance of the action. 


4 The Generalization for a Non-Abelian Gauge Group 

The reduced theory of the six-dimensional tensor multiplet gives rise to the abelian gauge theory in 
five dimensions. We will extend the abelian gauge multiplet (A^, 0^, x“) to the adjoint representation 
of a non-abelian gauge group G and replace the partial derivatives by covariant ones; 

dfF(p^ —t + ig [A^, 0^] , ^ + ig [A^, x“] • 

We will henceforth denote the covariant derivatives as 


- b^cj)^ - A^^jcj)-^ + ig [A^, 0^] , 

= 9 „X“ - Lx + - 1 Y" (pij) “px" + ip lY. x“l ■ 


For the non-abelian extension of the supersymmetry transformations (14) and the equations of 
motion (15,16), there are two conditions to be satisfied. In the flat limit where all the backgrounds 
go to zero, they should be reduced to the ones in the M = 2 supersymmetric Yang-Mills theory on 
a flat space, and in the abelian limit g X- the extension has to go back to (14,15,16). Our ansatz 
for the non-abelian extension of the supersymmetry tranformations is 


S.A, = - jfios (e”)^ XX, X' = I (X) as (t“f Cx”, 

- YVX (p,) + LgX (pi) 

+S^(pi)^ ps^ + ■^SijklmS^'^X ( p ^^) "^s^^ 
+t'X (pij) “sY'‘eP + [ip’, X )P’J> 


(19) 


with the field strength of the non-abelian gauge field A^ 

Fab = = e\e\ [a^A, - a,A^ + tg [ a ^, a ,] ). 
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In the abelian gange theory, the algebra of the snpersymnietry transforniaions (14) is closed on- 
shell, and in the flat limit of the non-abelian gange theory, it is also closed on-shell. Therefore, in 
order to see the closure of the algebra of the supersymmetry transformations (19), we make an ansatz 
for the equation of motion of the spinor 




( 20 ) 


The supersymmetry transforms of and (Fab — ‘2(i>i t\b) may be useful to see that the algebra 
of the supersymmetry transformations is closed on-shell; 


= - 


<5e {Fab — 20/ t\b) — ^ 


~SKL(e ■ p-^^P^MX) - if\c{e ■ PjpSm^'^x) 
l[aVb]X - ^Gade ■ {x^ab " ^5\al\] " X 


+ -Slj(e ■ p^’^XabX) + ■ pi {x'^ab - <50a7'^6] - 2(5''a^'^b) X 


Using the equation of motion (20) and the Killing spinor equation (7), one can verify that the 
algebra of the supersymmetry transformations (19) is closed on-shell. 


[4. K] = ^ [F,,e + V, (y (p . p,e))] = -- 


ed,A^ + dJ" ■ A 




[5,, 6 ^] (j)^ = -U - Cba(p^ ] + ig [Ag, (p^] - j(p'^, 


( 21 ) 


[<5o <50 = -- 


ed,X'^ - -ChaX^ 


+ ig |Ag, X'“I + 1a-“7.px" - (p") "px", 


with the Killing vector ^“ = (p ■ 7“e), where the parameters are given by 


Aij = 


AauC + Sij(p ■ e) — SijklmS^^(p ■ p^e) 


F^GabiV ■ PuX^'^Gj - t^abiv ■ PlJKX'^^e) 
2 a 

^ab ^ ^ ^ Ac = ~ + 0^(p ' P/C)] , 


(See Appendix D for the abbreviation (p • p/^.../„ 7 “i'"“™-e) ), and the covariant derivative of 0^ (p ■ p/e) 

is 


^/p (0^ (V ■ PiG)) = df, (0-^ (p ■ Pie)) + ig [A^, (p^ (p ■ p/e)] . 

Since we have seen that the supersymmetry transformation (19) gives an on-shell closed algebra 
with the equation of motion (20), we will proceed with (19) and (20) to obtain the non-abelian 
extension of the action (17,18). 
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A simple calculation shows that the equation of motion (20) may be derived from the fermionic 
part of the non-abelian action 


dx^y/gati 


X ■ - ^GahX ■ - \SijX ■ P^^X 

8 a 4 


+ 5 *'aJX' ■ P/7“‘x + (ig)x ■ Pi [<!>', x\ 


( 22 ) 


where the symbol tr denotes a trace in the adjoint representation of the gauge group G. 

In the abelian limit 5 ^ —)■ 0, the non-abelian action should go to (17), - more precisely, the 
abelian action of the |G| abelian gauge multiplets with |G| denoting the dimension of the adjoint 
representation of G -, and in the flat limit, we must regain the familiar non-abelian action in the 
M = 2 supersymmetric Yang-Mills theory. It therefore seems natural to take the ansatz 


q(0) _ 


1 

'2 


a{F-A(t)Hi) A*(F-40'^tj) + CAFAF 

dx^^/gatr Vacjy^Vcl)! + Mbij(I>^( l>'^ - 0j] 


(23) 


where 

Mbij = ^ du (^R in) + -^GabG^^'^ + + AtRHjab - Sj^Sjk- (24) 

In order to examine the supersymmetry invariance of the sum Sp + one needs to perform 
a similar calculation to what is done for the abelian action L. The calculation may be painful, 
especially in the mass term of the scalar helds 0*, of which the details is shown in Appendix F. 

However, it turns out that the variation of the sum Sp + *5'^^ under the supersymmetry trans¬ 
formation (19) doesn’t vanish at the order 0{g). Therefore, in order to obtain a supersymmetric 
action, as discussed in [24], one needs the additional term 


c(l) 

'^B 


■g / dx^y/gati 


(ig) [(j)L, 0 m ] 


(25) 


to cancel the supersymmetry variation of S'® + Sp. Thus, one may see that S = Sb + Sp = 
S'^^ + S'® + Sp yields a supersymmetric non-abelian action. 


5 Supersymmetric Backgrounds 


In this section, we will discuss the supersymmetric solutions to the Killing spinor equation (7) and 
the condition (92) from the spinor variation which gives rise to supersymmetric backgrounds 

for the hve-dimensional supersymmetric Yang-Mills theory. 

In this paper, we will make an assumption 


= 0, fa, = 0, ^,5 = -^5* = 0, = -A/* = 0, (* = 1, • • • , 4) 


(26) 


which is satished by the background in the previous papers [1, 2], as will be seen below. In [1, 2], 
we have considered the product space of a round and a Riemann surface S. In this paper, we 
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are especially interested in supersymmetric backgrounds for deformed 3-spheres - a squashed and an 
ellipsoid S^. We will hnd supersymmetric backgrounds on the product spaces of those 3-spheres and 
S, which turn out to satisfy the assumption (26). 

It is convenient under the assumption (26) to decompose the supersymmetry parameter e" as 


= e“ 


e“ = 


0 


= 


e" = 


0 


in the representation with p® = diag.(-|-l 2 , — 12 )- While the Killing spinor equation (7) in a generic 
background gives a differential equation of e“ and £“ coupled to each other, the assumption (26) 
splits them into 


(a«) “,5 jy - + 1 (t, 

(<?«) y jy - ^G„„7‘'e" - ^Gfc7„'“£“ - i ifc 7„'“et 


with tab = t^ab, where the covariant derivatives are dehned by 

(a^,) 

(d,,) 

We will further make an ansatz for the Killing spinors, 


(27) 

(28) 



(29) 


with two-dimensional spinors e, e on the S'^ and constant two-dimensional spinors 

" 71 (±i) ■ 

on S, obeying that T 2 C± = d:(^±, with the Pauli matrix T 2 - Note that they satisfy 

745 = -ii.T'iTf} 745 e“ = (30) 


For later convenience, let us consider the commutation relation of the covariant derivatives acting 
on e°‘, which by dehnition gives 

[Da, Vb] ^ Rab‘^\n)^cde^ - i Fab^^ (d,,) 

,,ab 


and acting 7 “° on this, one obtains 


r^VaVb 8^ = 1 7 “' [Da, Db]e^ = -]R (Q) (31) 
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On the other hand, using the Killing spinor equation (28) twice for 'y°‘^VaT>h e°‘ and equating it and 
the right hand side of (31), one hnds that 




= - 3 ■ - 6 ■ —E'‘Gi,7“e“ 


4a 


+:^-S,jSki + 

_ n . ( 

^4a 


tabtcd ^ ' I H 1 ^abGcd 
4a 


^abcd^a^ 


(32) 


Decompsing the helds x", (j)^ in the representation with = diag.(+l 2 , — 12 ) as 



a I V 

X I / ’ 


0^ ^ (0* 0® = Ct), 


one can see that the supersymmetry transformation under the assumption (26) becomes 
= -0a« («“)’'C7,<V''’-0ij(i;*)’'C7„A'’, 

^.‘1’' = + (33) 

iS.r = - (K.,7“‘ + 7“-D„^-7G„j<770t“-('s‘V-ig 

- (j‘Vp4,‘ - XapicP'r" - {s“ + £«“Sm) 4>i - - ig y 4>‘] ){E,tf jst 

<5.A“ = -Qfal,7“‘-7“®a7+4^G.,ff7“‘)£“+('s-V+jj[,^‘,.(A]hffy)yy 

- (j‘Vp<t,‘ - - (s« - £«“St,) 4>1 + + ig p, 4>'] ) (S.)“ get 


The equations of motion of the spinors 0“, A“ under the assumption (26) give 


+ ig [a, 0 "] + ig (ai) f, 


YV^X'^-tg [a, A“]+*(?(d0“^ 


00 Y 


iG.,7“V“ + 0« (ff'O 7V-^ - 1 ial,7“y“. 

: 0G.,7“‘A“ + Y X'^) “0^^ + 5 i<.e7“‘Ap 


with the covariant derivatives 

Vpr = d^r - jpr + - Ope (aaf + =9 r] , 

I>gA" = 9„A” - 7^A“ + 0„“‘7„iA“ - Ope + ,g [71^. A”] . 
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5.1 The Af = 1 SUSY Background in the Previous Paper 


We start with the background in the previous paper [1, 2], where the compactihcation on the product 
space of a unit round S'^ and a Riemann surface, x S was considered, and we will reinterpret it 
as a supersymmetric background in terms of Sij, Gab, tab = t^ab- See Appendix H.l for the 

differences of the old notations used in [1] from the ones in this paper. 

The background in [1] can be read in the notations of this paper as 


f 9-9-^ 

^45 — *J12 — *J34 — —, 

4r 2r 4a 4r 


(34) 


in the Lorentz frame tab, Gab, where we have replaced the unit radius of the by r. 

On the Riemann surface S with local coordinates {x^, x^), the twisting is required to preserve 
supersymmetries by turning on the background gauge held as 


^12 ^ ^34 



(35) 


with the spin connection on the surface S. This together with S 12 = S 34 break the Spin{5)ji 
R-symmetry group to SU{2)i x U{1)^ C SU{2)i x SU{2)^, when regarding the subgroup Spin{4) of 
the Spin{5)ii as SU{2)i x SU{2)^. We refer to it as the J\f = 1 twisting, following [16]. 

The supersymmetry condition (92) determines the background Mu 


4 1 

—A /55 — — 

15 5 




4 1 

—Mii = - 

15 ^ 20 


3 - ■R(s) 




{hi = i,-- - ,4) 


where the scalar curvature R(S) is derived from the spin connection 

^ R(S) A e® = 

and substituting these into (24) gives® 


A1s55 — 




m) + ^ 


^ij. 


ii,j = l,---4). 


The Killing spinor equation (28) in the background (34) is identical to the one in [1], 

with the ansatz (29). 

The scalar curvature R{VL) on the x S is given by 

R{A) = R{S^) + R(S) = ^ + R(S), 

for the round S'® of radius r. Since the gauge held A^j is minus the half of the spin connection 
on the surface S, the held strength of results in 

= ~R{T.). 

®In the previous paper [1] (v3 on the arXiv), the scalar curvature i?(S) was dropped from the mass terms Msij 
of the W = 1 hypermultiplet scalars. 
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The equation (32) identically holds for the curvatures and the background helds, and it is con¬ 
sistent with the existence of the Killing spinor e". In fact, as explained in [1, 2] and in Appendix G, 
the Killing spinor is given by 


c-“=l — c 

e — eo 


C+) 


r“=2 = G3-i6o*®C-, 


with Co a constant spinor on the S^, which is consistent with our ansatz (29). 

For the other supersymmetry paramter e“, the Killing spinor equation (27) in the same back¬ 
ground gives 

2 a 2r 

Note that obeys S'-^aij = 0. With we have A*Vij = 0, and the twisting of the 

background A®-^ have no effects inside the covariant derivative T>ae'^. In a generic Riemann surface S, 
we don’t have a solution to the above Killing spinor equation. In fact, the calculation of 7 “^DaDb£“ 
shows that the scalar curvature R(S) is an obstacle to the existence of a Killing spinor for e“. 

We can see from (34), (35) that the background breaks the Spinib)^ group of the i?-symmetry 
into SU{2)i X U (1)^, which is a subgroup of SU{2)i x SU (2)^ ~ C Spin{5)j^. The symmetry 

breaking is caused by the twisting A^^ = (and also As we have seen just above, 

the twisting only retains the half of the supersymmetries. Therefore, it is consistent with the fact 
that the SU{2)i symmetry doesn’t give rise to the SU{2)ji R-symmetry in four-dimensional M = 2 
supersymmetric theories [ 6 , 16]. 

The background (34) is not a unique solution^ to yield an A/" = 1 supersymmetric background on 
the round Even under the ansatz 

^12 = ^34 = 


with only non-zero components G 45 and ^ 45 , there exists a Killing spinor for e", if 

x'S' + 2 ■ -j—G 45 = 0, -S + -j—G 45 + ^45 = 

2 4a 2 4a 2r 

which can be read from the Killing spinor equation (28). They may therefore be parametrized by S'; 

The other supersymmetric condition (92) gives one more constraint - the backgrounds are constant 
on S, 

V^S = V 5 S = 0, 


and determines the remaining background M/j, 


4 1 4 3 4 

_ M55 = —R(S) + ^ - — Mi. = 

15 5 ^ ^ 5r2 5 ’ 15 ^ 


—R(S) - At + —S^ 

20 ^ ^ 5r2 20 


for i, j = 1, • • • , 4. The scalar mass parameters M.bij are given by 


AA.Bbb — 


2 (2 


-S 


A4.B11 — ■ ■ ■ — M.BAA — 7-R(^) + 


f' \ f' / ^ 

When S' = 1/r, it certainly retains the mass term of the scalar a in the previous papers [1, 2]. 


^It has been pointed out in [28] in the context of five-dimensional W = 1 supersymmetric theories. 
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5.2 J\f = 2 SUSY Backgrounds on the Round 5^ x S 

While the background in [1, 2] preserves half of the supersymmetries, we will find a new supersym¬ 
metric background preserving both of e" and e" on the x T,. 

Taking the breaking of the i?-symmetry group Spin{5)ji into account, we will turn on and 
= S only, and it would break the Spin{5)R group down to U{1)r x SU{2)j^. We could instead 
turn on or only, but it is just a matter of convention. We refer to this partial twisting as the 
Af = 2 twisting. 

Since we have the covariant derivatives with the ansatz (29), 




= 




12 , 45 

fj, ^ ^fj. 


) (rsT - - {A 


12 , 45 

tj. + 


) (^ 3 )' 


in order to cancel the spin connection by ^412 in both of the covariant derivatives, the chirality of 
e“ on the surface S should be the same as the one of e"; * 7456 “ = . Therefore, the twisting 




works for both of and e“. When we turn on the components G 45 and ^45 only, the Killing spinor 
eqnations (27), (28) become 


Vae^ = -^(r3)“^7ae^-—G,b7^e“-(—G45-t45)7a"V, 




2 

i 

2 ' 


4a 

1 

4a 


45-Q 


G 45 -|- ^45 ) 


For a = 4, 5, the Killing spinor equation is satisfied with e“ and e°‘ constant on S, if 

•S' -|- 4 • -—G 45 = 0. 

4a 

With the ansatz (29), the Killing spinors on the round (See Appendix G.l) are lifted to 

VaS'^ = -7^7a"'£^ -Dae^ = 

2 r 2r 

and the comparison of this with the above Killing spinor equations for a = 1,2,3 leads to 


- 4, 




Depending upon the sign, there are two solutions; 

9- 4^-2 V - ^ 


^45 — 0 . 


and 


S — - 7—^45 — 0 , ^45 — — • 

4a 2r 


We will call the former background type B and the latter type A, respectively. 
Let us begin with the type A backgronnd; 


Sij 0 , Gab 0 , ^45 . 


4a 


2 r 


23 


In the background, since the Killing spinor equation (7) is reduced into 


,Q! ^ » 45,0 'T-i ,Q ^ , 45,0 

= — 7 ^ e , V^e = -— 7 ^ £ , 
one obtains the solution to them, 

(e“-, 0 0 C-). (e“-,£”=") = (to 0 C+, Cj-'eS 0 C-) , 

with Co and eo constant spinors and U the mapping of the 3-sphere to the SU{2) group given in 
Appendix G and with G 3 the three-dimensional charge conjugation matrix explained in Appendix B. 
The supersymmetry condition (92) determines the background M/j; 

= ~ - ifl(S), 

±M„ = lAfe = -ii + Afl(E). = -ii - Ifl(E). 

which gives rise to the masses A4. bij of the scalar helds 0 ^, 

4 11 1 

■Mb55 = MbII = A4b22 = ^ + 77-R(S), A^BSS = ■Mb44 = 

Turning on the held ^45 = ^ 4 ^^ breaks the Spin{5)B symmetry group into Spin{4:)B and with the 
twisting by into U{1) x U{1). Thus, the background doesn’t repsect the /^-symmetry of 

the four-dimensional M = 2 conformal algebra, but it retains the M = 2 supersymmetry. 

Let us move on to the type B background; 

^ £^G45 = - 7 ^, G5 = 0 . 

r 4a 2r 

It gives rise to the Killing spinor equation 

1 


and one gives the same constant solution for the both e“ and 

(e“=\ e“=2) = (eo ® C+, ^0 ® C-), (£“=\ £"=^) = (cq 0 C+, C's'^eQ 0 C-) , 


with Co and eo constant spinors as above. 

The supersymmetric condition (92) is obeyed by the background, if the background helds Mjj 
satisfy 

= 0^ - Ifl(E), 1 m„ = ±Afe = H+ lii(E). 

which surely respects the i?-symmetry group U{1)b x SU{2)j^. The scalars a, cfA, remain massless, 
while the remaining 0^, 0^, are lifted by a half of the scalar curvature 7?(L1); 

A4b55 = A4b33 = ■M.B44 = 0, MbU = ^4.322 = “ 7?(S). 

Thus, they respect the remaining i?-symmetry group U{1)r x S'f/(2)^. 
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Turning on either of or without ^45 7 ^ 0 breaks the i?-symmetry group SO{5)ji into 
SO(2) X 5'0(3)~ X SU{2)j^, which can be identihed with the i?-synimetry group of the Af = 2 

superconformal group, if the theory flows into an infrared hxed point. On the other hand, as in the 
previous papers [1, 2 ], turning on both A^'^ and A^^ such that A^"^ = A^"^, the SO{5)r group is broken 
to SU{2)i X U{l)r, which is the subgroup of SU{2)i x SU{2)^ ~ S'0(4) C SO{5)j^. The subgroup 
SU{2)i cannot be identihed to the i?-symnietry group SU{2)fi, because the above results shows that 
such a background preserves only half of the supersymmetries®. This is consistent with the result in 
[ 6 , 16]. 


5.3 A Squashed 3-Sphere with constant Killing spinors 


A squashed 3-sphere is a deformation of a round S'®, and regarding it as a circle hbration over 
a round 2-sphere, he., the Hopf hbration, the radius of the hber dihers from the radius of the 
base. See Appendix G for more details. In [ 21 ], three-dimensional supersymmetric held theories 
on the squashed 3-sphere has beed discussed, and we will make use of their construction for the 
hve-dimensional theory. 

The constant solution on the round S'®; = (cq <8 C+) ® C-) with 



solves the diherential equation 



<-3 ^0 = L I ) ^ e =e . 


(36) 


(37) 


where 0 ;“^ is the spin connection of the squashed S'® with the hber radius r and the base radius r. 
See Appendix G for the squashed S'®. 

We will begin with the Af = 2 twisting by turning on only. A comparison of (37) with the 
Killing spinor equation (28) suggests that 



r 



=--L 

4a 2 ’ 



(38) 


For the other supersymmetry parameter e", it is easy to hnd a Killing spinor on the squashed S'®, 
if we make the same ansatz as for e"; it is a constant spinor (e^, e^) = (cq ( 8 ) C+) G) C-) obeying 

eo = (1, 0)^. One then see that it obeys the same diherential equation (37), and thus the background 
(38) preserves the both Killing spinors e", e“. 

The other supersymmetry condition (92) determines the background helds M/j, 




—i?(S) + 
10 ^ ^ 


12 1 


4 4 4 1 

— M 33 = 77^44 = —M 55 = —--R(S) 
15 15 15 5 


8 1 
5 ^’ 


and plugging them into (24), one obtains the scalar masses AAbij, 


1 4 

AA.BII = A4b22 = 7-R(S) H-7 



®We thank Yuji Tachikawa for clarification on this point. 


A4.B33 — A4.BA4: — AAb55 — 0 . 
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Let us proceed to the J\f = 1 twisting so that we will turn on the gauge held of only one 
SU{2) subgroup of the S'pinib)^ group by requiring that and then a comparison with 

the Killing spinor equation (7) identihes the background i?-symmetry gauge held 


A 


= i (1 - h'l e’ - L® 


and for the other background helds, taking account of (92), one hnds that 

1 1 1 1 1 r 

^12 = ^34 = —G 45 = U, = --S + 

2 4q! 4 4 2 


15 
4 

—Mj,- = 

15 ^ 


5r4 ^ 20^^ ^ ^ 20*^ ^ 5r2 


5r2 

y2 


s2\ 4 


1 - 




(39) 


for i, j = 1, • • ■ ,4. In the limit f ^ r, one regains the J\f = 1 supersymmetric background on the 
round in the previous subsection. It follows from (24) that 


2r / 2r 

MB 55 = ^i^-S 


1 2 

M.BII = M.B22 = A4b33 = A4b44 = 7-R(^) H-7 H- o 

4 


1 - 


5.4 A Squashed 3-Sphere with non-constant Killing Spinors 

Upon the Kaluza-Klein compactihcation on the time circle to the round S^xT,, the periodic boundary 
condition f —f + 27r was assumed in the previous papers [1, 2], The partition function is supposed to 
give the index of the six-dimensional theory. Let us generalize this by considering a slant boundary 
condition 


t ~ t + 27r, 


i) 


Ip + 


Autt 


ra 


where ^p is the hber coodinate in the Hopf hbration of the 3-sphere. See Appendix G for more details. 

It has been explained in [22] that the Kaluza-Klein reduction along this slant circle gives rise to 
a squashed S^. Changing the local coodinates (t, 'ip) into {i, 'ip) by 

~ 2u ~ 

t = t ~ t + 271, Ip = Ip - 1 ~ Ip, 

ra 

the ordinary reduction in the t direction will be carried out. Then, the mapping U{'ip,6,(p) in (95) 
from the 3-sphere to the SU (2) group is given in terms of the new coordinates by 


U{ip,e,(P) = = U{ip,e,(P)e^ 

and the vielbein in the new coordinates of the 3-sphere, 


ut _ 

— T3 


= [-^]u-\i7,e,cp)du{i7,e,cp) 


is related to in the original coordinates by 


,(o) 


u 


—t) -h sin f—t] /i 2 °\ = cos f—i) - sin f—t ] - dt. 

ra J \ra J \ra J \ra ) ra 
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~(o) 

/i] = cos 





Under the change of coordinates, in the six-dimensional metric 


dsl = dsy + 






d“>)" 






in addition to the trivial change of the base part in the Hopf hbration 


d”' 


.( 0 ) 


+ (h2 


= r 




~(o) 

h2 


the last two terms are changed into 

1 — 




,r ru „(0) 

1 — 


+ 


1 — u 


2 


where 


a = 




= Q!, 




^ ™ ~(0) 

C = -a- -= -awes, 

1 — 


63 = 


yr 




~( 0 ) 

fiy =r 


d%lj + cos 6d(p 


with r = r/\/l — u^. Therefore, the slant boundary condition turns on the graviphoton held C and 
deforms the radius of the circle hber, which results in a squashed 3-sphere. 

Upon the reduction to hve dimensions, one has the metric 

dsl = dsy+[el + el +el) , ei = e2 = rflf\ 


and the held strength of the graviphoton, 

1 ^ 1 2 u 

— G = — dC =- . — Cl A 62 - 

a a r^J\-u^ 

Note that a is the radius of the circle in the t direction, while r is the radius of the hber in the Hopf 
hbration of the squashed S'^. 

If we started with a non-vanishing graviphoton held C in the round x S, we wouldn’t gain a 
simple squashed 3-sphere. Therefore, let us consider the supersymmetric backgrounds in subsection 
5.2, where we have C* = 0 on a round S'^ x S. One can now see that the above change of coordinates 
leads the backgrounds in subsection 5.2 to supersymmetric backgrounds on the squashed S'^ x S. We 
will begin with the M = 1 supersymmetric background in 5.2 by turning on 

^ _1 45 

2 ’ 

breaking the Spin{5)R symmetry down to SU{2)i x U{l)r- Besides the /^-symmetry gauge held 
the only auxiliuary held ^45 is turned on in subsection 5.2. 

Returning to six dimensions, the sechsbein 

e^, e^, e° = 4 [di + U)^ 

is related to the sechsbein (/r^, /i^, = {l/a)dt), where pa = r/i® (a = 1,2,3), by a local 

Lorentz transformation, 

3 

= (a = 0,---,3), (40) 

b=0 
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where 


0 0 \ 

0 0 

cosh ^ — sinh ^ ’ 

— sinh ^ cosh ^ y 


From the six-dimensional view point, the background ^45 may be regarded as 

T“^045 = -T“^23 = ^45 . 

Recall that abc is anti-self under the Hodge duality. The held is transformed under the 

Lorentz transformation (40), and one obtains 

T“^045 = hb cosh T“^oi 2 = -tib sinh 

Therefore, on the squashed S^xH, besides the i?-symmetry gauge held and the graviphoton 

held G, the auxiliuary helds 

^45 = f45COsh^, fi2 = — f45Sinh^. 


(A“.) = 


f cos{2ut/ra) sm{2ut/ra) 
— sm{2ut/ra) cos{2ut/ra) 
0 0 


\ 0 0 
with cosh,^ = l/\/l — and sinh,^ = u/\/l — v?. 


are turned on. 

Under the Lorentz transformation (40), a six-dimensional supersymmetry parameter e" trans¬ 
forms as 


e- ^ e“ = exp ( ^ T^^ j ^os | 


(41) 


and recalling that it is of positive chirality. 


e = 


0 


one can see that the hve-dimensional spinor e“ transforms as 


f ut 


^ = exp 7 ''J exp 7 "J 

The Lorentz transform (41) of the Killing spinors in the subsection 5.2 also gives the Killing 
spinors in the background on the squashed S"^ x S. In fact in the subsection 5.2, depending on the 
sign of the background ^45 = ±l/2r, one has the Killing spinors 

(e“=\ e"=^) = (eo ® C+, ® C-) , for ^45 = l/ 2 r, 

(£“=\ e"=^) = ® C+, C' 3 '^fo^eo ® C-) , for tib = -l/ 2 r, 

and they are transformed under the Lorentz transformation into 


3 \ M 




for ^45 = l/ 2 r. 


exp (j exp exp ) f/ ^('0,6',0)eo » C+ 


= exp ( rg ) f/ ^(V', 6 », 0 )eo ® C+, 


for ^45 = — l/ 2 r. 






One can thus see that the former never survive the Kaluza-Klein reduction, and the latter yields the 
Killing spinor on the squashed x 


^ = exp ( 0 , 0)eo 0 C+, ^ = exp ( rg ) 0 , (j))e*Q 0 C-, 


which is the solution to 


VaS^ = - —Gi 2 - <5aV) 7'^“ - 


T^Gi 2 + tl2 
4Q! 


12^0: 7 45^0: 

'Ta ^ ^45 ^ 


= -;^sinh^ {SjSb^ - 6j6b^) + ^cosh^y/^e". 

which agrees with the Killing spinor equation (28) with the background obtained in this subsection. 

Let us turn to the remaining supersymmetry condition (92) from = 0; which determines 

the auxiliuary held M/j. Substituting the background helds into (92) and noticing that® 


7^203 — — 2ti2 ■ Os, 


-'D 2 G 23 — —T^iGis — 4—ti2, 


a 


a 


one obtains 


15 15 

and the scalar masses Aisij 

;r2 


TV ^55 — T— - T-R(L;) , 

15 5 5 

4 4 111 111 

—Mil = —M 22 =-V - -i? (S) - F45^^ =-^ + —R (E) , 

15 15 5r2 5 ^ ^ 5r2 20 ^ 

= -1 - ifi (E) - (S). 


r" 11 

■Mb55 = 4^, -MbII = ■M.B22 = -^333 = -MbU = “V + 7-R(S). 


rpH 


4 


In summary, we have found the supersymmetric background on the squashed x S, 


O2 = -^Gi 2 = -^sinhO 
4a 2r 


Os = coshO 

2 r 


^12 = = -ia;i2 

2 ’ 


with the above scalar masses 


5.5 An Ellipsoid 3-Sphere 

As explained in [ 21 ], an ellipsoid 3-sphere is dehned by the set of solutions (xi, 0 : 2 , X 3 , X 4 ) G to 

X2 I ,y»2 /-y»2 I ^2 

1 -r 0.2 I ^ ^^4 _ T 

0 ' ~9 ? 

which is solved by polar coordinates (</>, y, 6 ) 


xi = r cos 6 * cos <yC, X 2 = r cos 6 *sin(/?, X 3 = r sin 6 ^ cosy, X 4 = r sin 0 sin y, 
®The latter formula is written for later use. 
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with 0 < 0 < 271, 0 < X ^ 27r, 0 < 6 < 7 r/ 2 . The metric is induced by embedding it into a flat R^, 

= dxl + dxl + dxl + dx^. 

For more details, see [21] or Appendix G.5. 

The Killing spinors e and e'^ = C^^e* on the ellipsoid S'^ are given^° in Appendix G.5. Using 
them, we form five-dimensional Killing spinors, = e®C_|_, with the same as before, 

and see that they obey 

(42) 

where the i?-symmetry gauge held A% in the covariant derivative 'De°‘ is given by 


1 


,45 


- = -14 - -U, 

with V the background U{1) gauge held on the ellisoid given in (103) of Appendix G.5, and with 
the spin connection on the Riemann surface S. 

We will consider an A/" = 1 supersymmetric background by taking and break the 

Spin{5)ji symmetry group to SU{2)i x U{l)r- 

For the other background fields Sij, Gab, and tab, the Killing spinor equation (28) in the back¬ 
ground satisfying 


S' -|- 2 ■ -—G 45 — 0, 
4Q! 


S' + + Gs — 7W’ 

4a 2/ 


(43) 


where we have assumed that S = S '12 = S' 34 , is reduced into (42). However, substituting them into 
the other supersymmetry condition (92), we And that the background 


S = 0, 


-G 45 — 0, Gs — 


4a”"" 2 /’ 

is the only solution to (92), and that the background fields Mjj are given by 




4 f ^ — -^2 1 

- 


It means that the scalar masses M.bij are 


A4b 55 — -p. 


MBij - 7; 


1 


P 


2 ^( 2 ) 


(hi = I,---,4). 


(44) 


= -5ij ^^ 55 , {hi = 1, • • • ,4). 


6 The Off-Shell Formulation of the Reduced Theory 


In order to implement the localization technique in calculating the partition function of the five- 
dimensional theory in a supergravity background, a supersymmetry transformation for the localiza¬ 
tion must be defined off-shell. To this end, the half of the supersymmetry transformations (19) will 
be extended off-shell by introducing auxiliuary fields. The supersymmetry parameters e“, e" are 
decoupled in the supersymmetry transformations, if the background fields obey the conditions 

t\b = Q, ^*5 = 0, A/5 = 0, (* = l,---,4). 

^°The Killing spinors are the same as in [21]. 
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The backgrounds we would like to consider in this paper, obey these conditions. Therefore, we will 
content ourselves with the construction of an off-shell formulation of the theory in this restricted 
type of backgrounds. In addition, the backgrounds in this paper also satisfy the condition fy = 0, 
and we will add it to the above conditions. 

We would like to use one of the supersymmetry transformations for the localization. Since 
the supersymmetry parameters e", £“ are decoupled in the supersymmetry transformations in the 
restricted type of background, we will turn off the parameter e" and focus only on It is then 
convenient to regard the Af = 2 gauge multiplet as the sum of an A/” = 1 gauge multiplet (a, A^, A") 
and Af = 1 hypermultiplets (0®, '0“)- 

We will introduce an auxiliuary field in the adjoint representation of the SU{2)r subgroup 
of the Spin{5)ii i?-symmetry group; 


and replace 

^ Sija + [(j)\ (jf] {aijf ^ (45) 

in (33), to which the supersymmetry tranformation (19) is reduced in the restricted type of back¬ 
grounds. 

In a consistent way to the above replacement, the supersymmetry transformation of is 
determined by using the equation of motion of A", and one obtains 


Mm =M = -|(£-A), 


^ _- 

4 


i 




- ig [a, A«] - 7 g„, 7 “‘A« - iSy (a») - h„, 7 “‘A« 


+\S„ (?«) %E''g 


(46) 


The off-shell supersymmetry transformations (46) are closed into the other bosonic transforma¬ 
tions. Using the Killing spinor equation (28) in this type of backgrounds, one obtains 


6„] (ea,A^ + ■ a,) - d,\c - ig IA„ Ac], 

[5., 6^] a ^ -\^'^'DaO ^ -h“5„(T + Ad (T + ig [Ac, a] , 


l'5,. M A“ = - 2 r»«A“ + - . (ig) [(f). e) g, A“] - - (®A) 7 “^” - -A.™ (ff«) yA-* 
= - 5 ?'‘a„A“ + jAd A“ + ig [Ag, A“] + iA., 7 “‘A“ - 1a« (d,,) “yt 

rU 


(47) 


[fy, 5,] ^ ■ {ig) [(r) • e) a, 

= + 2Ad + ig [Ag, 


4 u 
1 , 
4^0 


) -f- 
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with the transformation parameters 

r = Ad = Kb = + Ag =(h-e)c^], 


A® = -- 




3 S'ij (?7 • e) + (tab + -^^ab ] {v ■ 0-p7“^e) 


A' - = 




(48) 


Let us proceed to the hypermultiplets (0*, '0“)- In writing the off-shell transformation for them, 
it will turn out that the spinor index notation of the scalars 0“^, 

will be convenient. In order to formulate an off-shell supersymmetry transformation^^ of the hyper¬ 
multiplets, we will introduce auxiliuary fields with the index ^ labeling a doublet of a new SU(2) 
flavor group, which is not a subgroup of the Spin{5)R /^-symmetry group, following [29]. 

Further, we will also introduce different supersymmetry parameters e" from £“ and e“, the former 
of which span the whole four-dimensional spinor space with e". 

The auxiliuary fields and the new parameters e" are expected to play the role to impose the 
equation of motion of the spinors in the off-shell supersymmetry formulation. To this end, requiring 
that be proportional to the equation of motion of the spinor one obtains an off-shell 

supersymmetry transformation 

= - 7 “'Pa 0";3 + ig [a, 0 "^] + (^tab + 


-iF- 




(49) 




7“i>ar + "9 7 r] + ig py, Ay +1 Ft - (^‘y “gr 


In terms of the vector notation of the scalars 0*, it gives 

- 0 ^), 

5,0“ = 


7“Fa0* -e^ + tg [a, f] + [tab + —Gab ) 0*7“'^^ + 


+F%e^, 


^eF^g = 


rVar + ig [cT, r] + ig{aif^ [00 A"] + ^ (tab - ^Gab) 7“V“ - 


where the conditions are assumed; 


(e“)^cy - = 0 , (fii,eh = 


(50) 


which will be necessary for the off-shell closure of the supersymmetry transformations on 0"^ and 
0“. Note that in terms of the spinor index notation, the covariant derivative F^0“^ can be read as 

©,74 = 977 - *77 + ig [At, 74] - \a» [(ff.,) 774 - 7 + (%) 7]. 

will follow the prescription in [29, 1, 2], where we won’t expect to have a full-fledged off-shell formulation. 
However, it will be sufficient to carry out the localization. 
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Making use of (50), one can verify that 




[5,, 6rj\ 'Ip'" 


i,+\ ■ (is) [{fi ■ e)<T, r^] + jAgvy (■?•■’) y - ^ {•y'’) 
-\ea,ri, + + ig [Ag. ry + jAy^s (s«) y - iA., (g«) yy^, 

- 5 (».{<,) 7“V“ + I • (is) [(s • e)c, - iA<“> (<T«) y<AA (51) 
+ ^Aor + jA., 7 “V“ + ,g [Ag, .).y] - jAy (g«) yv>A 


with the parameters in (48), where the transformation parameters of the other SU(2) subgroup of 
the Spin(5)ij are given by 


a!“’ = pv- ysy, Ay = A™ - '-eA,i,. 

So far, we have seen that the supersymmetry transformations (49) on 0"^, 0“ are closed off-shell, 
if we require the condition (50) on the supersymmetry parameters. However, we will see that the 
supersymmetry transformations (49) on the auxiliuary helds are not automatically closed. In 
order to achieve an off-shell supersymmetry transformation, it seems that one has to require the 
supergravity backgrounds to obey additional conditions. 

Let us look at the supersymmetry transformations on Using the condition (50), one obtains 

lA. A) Ay = -^^yAy + a^f y+[A g, a y] + 0y (ay) yAy + Ay Ay 

+0eyy(<^.j)y-)'y + Ayri, (52) 

where the parameter of the new SU (2) transformation is given by 


A-^ = 

1 Irv 




and the last two terms on the right hand side suggest that the supersymmetry transformations fail 
to be closed off-shell, where the parameters (0*0 and are given by 


(e-y y = i [gfr-e'’ - ( \ Fji + ) - 5 (fipV - y7“y) 


4q; 


AF = - 
^ 2 


^ (y7““G" - Ay”*”'’)'') - ( 


4a 


+2 ( a 4 " 




7/57“^ - ey7“7 j - U ) Sij ( 77 ^ 7 “ e - £^ 7 “ 7 


Therefore, in order to gain an off-shell closed algebra of the supersymmetry transformations, the 
conditions 


(e«) y (Gy)y. = 0 . Ay = o. ( 53 ) 

are required. Although the implications of the condition (53) have been unclear for the authors, 
the backgrounds in the section 5 satisfy the condition (53). So henceforth, we will assume that the 
backgrounds satisfy the condition (53). 
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Let us make sure that the supersymmetric backgrounds in section 5 obey the conditions (50) and 
(53). With the ansatz (29) and as explained in Appendix G, the supersymmetry parameters e", 
are given by 

£“=' = 6®C+, £“=' = ^3-^6* (8 C-; £^=1=6®C-, = G3-'6*®C+, 

obeying that e" = 756 “. It follows from this that 

= 0, 7^5“ = 7 ^, 7 “£“ = -7.7“^^ 

and the condition (50) is satished by the supersymmetry parameters e". 

Since the held S'^ in all the A/" = 1 supersymmetric backgrounds in section 5 satishes aij = 0 , 
and the held strength Fat^^ satishes Fab^ CTij = 0 , it is easy to see that they satisfy the former condition 
in (53). In the J\f = 2 background in subsection 5.3, the non-zero components of Fab^ are ^ 45 *-^ and 
and Gab has only nonzero component G 45 . At the hrst sight, the nonzero ^ 45 *-^ and G 45 seems 
to give the contributions to the former condition of (53), but, since we have the formula 

= 0, (54) 


they yield no contributions to the condition. Furthermore, the nonzero appears on the left hand 
side of the condition with the term 


°c - £ 47 “!)'’, 


(55) 


but, the conditions 7 ^ 5 “ = e" and 7 ^ 77 “ = 7 " reduce — Sa'y^Tj^ to the left hand side of 

the hrst condition in (50). Therefore, the former condition in (53) is obeyed also for the M = 2 
supersymmetric background. 

The covariant derivatives Vatbc, FaGbc, and T>aSij are vanishing except for the background in 
subsection 5.4. However, ever for the background, VHab + V°'Gab /= 0. Further, it is obvious 
that GobG = 0. Therefore, taking (54) into account, one can see that all the backgrounds 
in section 5 also satisfy the latter condition in (53). Now we can see that all the supersymmetry 
backgrounds in (53) allow the off-shell supersymmetry. 

Let us proceed to the construction of an off-shell supersymmetric action. In order to perform the 
replacement (45) with within the on-shell invariant action S = Sp F S'® -|- S'® in (22-25), we 
will add the term 


1 

2 




- -D^aD^c 
2 ^ 


with ( Si^a + -{ig) [ 0 *, cj)^ 


to the on-shell action S'. 

For the hypermultiplets, the off-shell supersymmetry transformation of 'ip°‘ has an additional 
term compared to the on-shell supersymmetry transformations. Therefore, under the off- 

shell supersymmetry transformation, the on-shell fermionic action S'^ in ( 22 ) gains an additional 
term 

+ ■■■) = = - 0 . {E.fE^^F^FF'j 

with the ellipsis denoting the other terms of the equation of motion for from the term 

-0»d'5,r)^c(7“i>.F + ---) + --- 
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in 6^Sp. Thus, it is necessary to add the term 


a 


x-tr 




to cancel the additional term from 

Finally, the construction of an off-shell action is achived as 


S = — / tr 


1 OL 

-CAFAF + -(F- Ata) A*{F- 4ta) 


— / y/gd^xati [£], 


(56) 


where the ‘matter’ Lagrangian C is given by 


1 


( Sija + -{ig) [(pi, (pj] + -{ig)^ [a, 0*] [a, 0*] - igSija [(p\ (p^] 




ab^ 


^X-'J°‘VaX ^Ip ■ ^'"Va'lp lQ\^<^b Gab ) 0 • 7 “ V’ + ( 4b + ) A ■ 7 “ A 


Aa 




16 


4a 


,ab ■' 


4“] + ^(*d)Aa • [cT, A"] 

A^ - ^(*d)Aa • (p\lp'^ 

with the ‘mass’ parameters 

M, = + Ifl(fi) + - ltr(S«<T“)S.,S, 


(57) 


kl 


Mij — 


15 


-M,, + - ( R(Q) + ^G.,G“^ ) % - 


5jfc 


7 Localization and Twistings 

In this section, let us proceed to compute the partition function of the theory by using the localization. 
Before going on, there is a subtle point that the kinectic terms of the fields a, 0*, and 

have the negative sign in the Lagrangian (57). In order to circumvent it, we would like to follow the 
same strategy for a, 71“^, and as in [1, 2]. Recall that the scalars 0* had the positive kinetic 
terms in [1, 2], where the five-dimensional theory was obtained by the dimensional reduction from 
the six-dimensional maximally supersymmetric Yang-Mills theory. 

To this end, we will perform the ‘analytic continuation’ for the scalars, 

a -A ia, (p^ -A —icp"^. 

For the auxiliuary fields and F“^, let us carefully recall what we have done in the previous 
papers [1, 2]. First, we have shifted D^i as^^ 

D^i D^i—iF45 —-G45(J, (58) 

a 

the previous papers [1, 2], although we haven’t considered the supergravity backgrounds such as Gab, we can 
interpret what was done as the shift (58) in terms of supergravity backgrounds. 


35 















and we then impose the reality condition 

In previous papers, we implicitly left the sign of the kinetic term of negative. Since the 
integration over the auxiliuary helds is trivial; there is no dependence on the vacuum expectation 
value of a, we have just ignored the divergence from it. Therefore, we assumed that 

= -FYe‘l‘e^. 

Although we don’t have any rationale for the prescriptions, it seems to work well, and we will also 
follow the same prescriptions in this paper. 

In order to carry out the localization, we will define a BRST transformation out of the supersym¬ 
metry transformation by setting both of and to be zero, following the strategy in [1, 2]. Note 
that this is possible, because decouples from in the Killing spinor equation. This is also the 
case for e:“. Furthermore, introducing bosonic Killing spinors £ and e, we take 

= T e, = T £, 


where T is a Grassmann odd number. For a generic field $, then we dehne the BRST transformation 
of $ by 

Before the shift (58), it follows from (46) that the BRST transformation on the gauge multiplet 
is given by 


* \2„ , X_1 \2, 


6 qX^ = —Fab'y'^^e + iVaa'f’^e + - ^Gabcr'y^'^e, 5 q\^ = D^ie, 

Z Za 


SqD\ = 


+ g (J, eX^ - 


(59) 


6 qD\ = -^ VJ?re + g 


a, X^e 


o(y z 4 


and from (49) that for the hypermultiplets. 


= igFY^O, 






- a [a, r] + 9 (<Ti)“ t [Y, V] + t 


4q! 


+ g [cr, (j)^] - ^Gab(p^r'’ - tabCt>^l^^ - {S,j + ^ 


(60) 
£ + F“i£, 


where A“ is an abbreviation for (A")^G, e is for e'^G. 

The algebra of the supersymmetry transformations in (47), (51) and (52) may be used to check 
the nilpotency of the BRST transformation, assuming that (50) and (53) are satisfied. Substituting 


5,$ = T(5q$, <5,<h = r5Q<l>, 
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into (47-52), through the relation 


14,<5,]4 = 2Tr(ig)"4, 


one can compute ((5Q)^<h. Since e'^ = rf = 0, 


f).e = {r]YCe^ - {T]YCe^ = 0, = (r; ^^7^ - = 0, 


so that r] ■ e and on the right hand sides of (47-52) are zero. Recalling that e is chiral - = e 

- on S, one can see that 


T] ■ = -TT' (cTjj) ^ (a, 6 = 1, 2, 3), 7 ■ = -TT' {aij) ^ = 0. 


However, since 7 ■ d'jj 7 “^e and 7 ■ aij'j^'^e are not necessarily zero for a generic background, the BRST 
transformation isn’t always nilpotent. But, for the backgrounds of our interest in this paper, since 
there are no fields carring the mixed components tangent to the 3-sphere and to the Riemann surface 
at the same time, one can find that it is nilpontent. 

Let us now take the shift (58) into account. Although it never affects the nilpotency of the BRST 
transformation Sq, it does affect and SqD\, 


1 

2 


(a,&)7^(4,5),(5,4) 
3 


^ ^ ( Fab H- Gab(^ j 7°^^^ + iFaC 7 “^ -|- D^lS, 






m=l 


a, X'^e — — G45A^£ + - ( ^a6 + —Gab ) A^7“^e — -5',^- lA^e 


4q! 




where we have assumed that the Killing spinor e obeys i 745 e = e and 1 X 46 = V^e = 0. These 
conditions are satisfied by the Killing spinors in section 5. 

The partition function of the theory with the action S in (56) 


Z = 


I 


[d$] exp (5) 


is invariant under a deformation of the action 


Z 


[d^] exp (5 -h iSq) 


by the ‘regulator’ action 


Sq — (JqT, 


which is the BRST transform of a functional T of the fields, with a parameter t. More explicitly, we 
will choose the regulator action to be 


Sq = - d^x^dQii (<5qA“)^ • A“ + {dQ^y ■ r 


Since the partition function Z never depends on the parameter t, one can take a large t limit, 
while leaving the value of Z intact. In the large t limit, the main contributions to Z comes from the 
fixed points of the helds given by 5gA" = 0 and = 0. Then, writing the helds <h in terms of 

quantum fluctuations <h about one of the fixed points $0 as 

$ = $0 + ^l>. 
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and interating over the fluctuations to carry out the one-loop computation, one may compute the 
partition function Z exactly. 

In order to carry out the localization, it is convenient to convert spinor and vector fields to scalar 
flelds^^ on the 3-spheres, and then there is no need to introduce spinor or vector spherical harmonics 
on the three-spheres. 

For the M = 1 hypermultiplet. 


H -- 
H* 


(x <8 e -F ^ (g) e'") (g) C+ + (h ® ^ ® ® C-, 


® e -f I (g) e""j Z) C+ + {fj Z) e + k e'') C-, 

(ffi)' !'#>’ = ^ (•#>“ + !■#>'*), ^ 

if = ;^ ^ 


^ • 


Note that e and e'^ are the Killing spinors on each of the S^s and that they are linearly independent 
as two-component vectors, as discussed in Appendix G. The fields (x, ^ 7 , n) and (x, V, k) are 

scalar fields on the three-spheres. 

For the J\f = 1 vector multiplet. 


= (^ e + r; e'^) (g) C+ + (</? e + X e'") C-, 
(A^)^ = - ((p -F X G) C++ (f + h 

) ho -|- (e^V^e) V- + (eVm.e'^) K+, 


C- 


c 


-1 


Am = {e^Tm.e 


for m = 1,2,3. The three-component vectors (eVme), (e'^V^e), and (eVme'^) are orthogonal among 
them, and are normalized by e^e = = 1. See Appendix G in more detail. Let us recall that the 

background on the squashed in subsection 5.4 is not up to our mind here, because we will leave 
the calculation of the partition function for the background undone in this paper, as explained in 
Introduction. 

In order to denote the scalar fields in the gauge multiplet, we use the same Greek letters x, Vi 
as for the ones in the hypermultiplet. But, we never mean that they are the same fields. What it 
really means is the shortage of the Greek letters we can assign to each of the fields. We will compute 
the one-loop contributions from the gauge multiplet and the hypermultiplet, separately. Therefore, 
we believe and hope that it wouldn’t cause any confusion. 


7.1 The M = 2 Twisting and the M = 1 Twisting 

As we have seen in section 5, the M = 2 twisting by turing on only gives rise to the M = 2 
supersymmetric backgrounds on a round and a squashed and on the other hand, the M = 
1 twisting by turning on A^‘^ and with = A^^ gives rise to the M = 1 supersymmetric 
backgrounds on a round, a squashed and an ellipsoid . The difference between the AT = 2 twisting 
and the Af = 1 twisting has no effects on the BRST transformation of the Af = 1 gauge multiplet, 
but affects the transformation of the Af = 1 hypermultiplet. Therefore, the one-loop contributions 

^•^They are scalar fields on the 3-spheres, but not necessarily scalar fields on E. We will see the spin content of them 
on E, below. 
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from the Af = 1 gauge multiplet don’t depend on which twisting is done and yield the same results 
on an identical sphere. 

Therefore, before proceeding to the one-loop calculations, let us see how the spin content of the 
two-dimensional helds in the hypermultiplet is changed upon each of the twistings. Then, we will 
see the spin content of the AT = 1 gauge multiplet after the twistings, too. 

The spin content of the two-dimensional helds on S from the hypermultiplet can be read from 
the covariant derivatives of the component helds of the hypermultiplet along the surface S with the 
local coordinates 

For the A/" = 2 twisting, 

^ ( 0 - 12 )“ + ig V’"] , 

= dz(i>^ + + 'i'Q 0 ^] , T^zff^ = dz<p‘^ - + 'i'Q 0 ^] , 

+ ig (j)^] , + ig 0“^] , 

where the complex coordinate 2 ; is dehned hy z = x'^ + ix^ and = (<94 — id^)/2. 

Therefore, we can see that the bosonic held H ~ (0^ -|- icf)^) remains a scalar under the Af = 2 
twisting, but H ~ [cfA + i(l)^) becomes a (0, l)-form; H —)■ H^. The fermionic helds (x, 0 are changed 
to be a scalar, and {rj, k) to be (1, 0)-forms; {g, n) —)■ {gz, i^z)- On the other hand, the fermionic helds 
(X)0 give (0, l)-forms; (y, 0 {Xz,^z), and {g,^) become scalars. 

For the A/" = 1 twisting, 

^ ('P 4 V’" - = dzif"^ + + ig ■0“] , 

= dzcff + -F ig [A^, cff] , 

for = I,-- - ,4, where e*-^ is an antisymmetric tensor with non-zero components = 

= 1 only. 

The bosonic helds {H, H) and the fermionic helds (y, ff), (y, ff) become two-dimensional Weyl 
spinors of positive chirality, and ( 7 , k) and ( 7 , k) are Weyl spinors of negative chirality^^. 

The results are summarized in Table 4. The notation {k, 1) in the table denotes a (/c, /)-form for 
integers k, 1. For half integers k, I, (|,0) denotes a Weyl spinor of positive chirality, and (0, i) of 
negative chirality. Whichever k and I are integer or half-integer, the covariant derivative of a held $ 
of (/c, /) carries the spin connection of S as 

Vz^ = dz^ + t{k - l)uz^^<^ + ig [A„ <F]. 

On a squashed and an ellipsoid as we have seen in subsection 5.3 and 5.5, we have also 
turned on the background held A®j along the S^. When the Killing spinors are reduced to the three- 
dimensional ones e and e'” on the spheres, we refer to the background /^-symmetry held as V so that 
the covariant derivatives of e and e'’ are given by 

Ve= + iV^ e, Pe'’ = (^d+ - iV^ ef 

a two-dimensional Euclidean space, the complex conjugate of a Weyl spinor of negative chirality is of positive 
chirality. Therefore, essentially, after the Af = 1 twisting, all the fields in the hypermultiplet carry the same spin on 

S. 
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the Af = 2 twisting 

the Af = 1 twisting 

5D fields 

scalars 

spin (fc, 1) 

charge q 

spin (fc, /) 

charge q 

0 * 

H 

(0.0) 

0 

(io) 

-1 

H 

(0,1) 

-2 

(io) 

-1 

H* 

(0.0) 

0 

(04) 

1 

H* 

(1.0) 

2 

(04) 

1 


X 

(0.0) 

0 

(io) 

-1 


(0.0) 

2 

4,0) 

1 

V 

(1.0) 

0 

(0,4 

-1 

K 

(1.0) 

2 

(0,4 

1 


X 

(0.1) 

-2 

(to) 

-1 


(0,1) 

0 

(to) 

1 

fj 

(0,0) 

-2 

(O.t 

-1 

K 

(0,0) 

0 

(O.t 

1 


Table 4: The scalar fields on the S'^’s of the hypermultiplet upon the twistings. 
Then, on the squashed in subsection 5.3, we have for the M = 2 twisting, 

= e^ = -2V, 


and for the AT — 1 twisting. 


v^ls, = A“|s, = i(i-hh“ = -r. 


r 




where l^s denotes the components along the S^. 

On an ellipsoid in subsection 5.5, the AT = 1 twisting causes along the the background field 


kll2|53=kl-|53 = -f^. 
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which is identical to V given in (103). 

When a two-dimensional field $ has the covariant derivative 

P<h|53 = (i4>|53 -f- iqV^, 

we will say that the field <h carries charge q under the background field V. The charges of the 
two-dimensional fields from the hypermultiplet are listed in Table 4. 

Let us turn to the two-dimensional fields on the three-spheres in the Af = 1 gauge multiplet and 
see how the spin content of them is changed under the twisting. As mentioned before, both of the 
Af = 2 and Af = 1 twistings affect the spin content of them in the same way. 

The two-dimensional fields from the Af = 1 gauge multiplet are also charged under the gauge 
field V. But, the charges of them don’t depend upon which twisting we perform. The charges under 
V which two-dimensional fields from the Af = 1 gauge multiplet carry are also listed in Table 5. 
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2D helds 


X 


X 


T] 


V 

K) 


V. 

spin {k, 1) 

(1.0) 

(0.1) 

(0.0) 

(0,0) 

(0.0) 


charge q 

0 

2 

0 

-2 

0 

2 

0 

-2 

0 

2 

-2 


Table 5: The charges q of the two-dimensional helds from the gauge multiplet under the background 

1 /. 

8 Localization on the Round and Squashed 

In this section, we will compute the partition function by localization for the backgrounds on the 
squashed discussed in subsection 5.3. In the round limit r ^ r, we will see that the previous 
results in [1, 2] are regained for the J\f = 1 twisting, and we will obtain new results for the M = 2 
twisting on the round in subsection 5.2 and on the squashed in subsection 5.3. 

As mentioned before, in order to carry out localization, we need to hnd hxed points of the 
regulator action Sq, which are given by = 0 and = 0. In the squashed background in 

subsection 5.3, the former conditions gives 

5qX^ = ~ ^ Fab'y'^^e + Waa'j'^e + D^ie = 0, = D'^^e = 0, 

(a,6)7^(4,5),(5,4) 

which are reduced to 

^(^mkiFki = T>m(J, [FmzT'^ “ 6 = 0 , = 0 , 

with the complex coordinate z = + ix^ combining the local coordinates of S. 

The hrst equation means that 

Am = 0, e^dmcr = 0 CT = a{z, z), 

and the second equation in turn implys that 

V^a = d^a+ ig[A^, a] =0, e'^dmA, = 0 A^ = A^{z,z). 

We will ‘diagonalize’ the scalar held a at the hxed point by partial gauge hxing, 

r 

= ^a\z,z)Hi, 
i=l 

where TTj (i = 1, • • • , r) are the generators of the Cartan subalgebra of the gauge group G with r 
the rank of G. It then follows from TX^cr = 0 that the gauge held A^ takes values in the Cartan 
subalgebra, too, 

r 

A(z,z) = ^Al(z,z) Hi, 

i=l 

and that = 0, he., the solution a* is a constant. 

As for the latter conditions = 0, a simple examination shows that the solution to = 0 
is given by 

B = B = 0, F\ = 2V2V,H = 0, = -2^/2V^H = 0, 

for both of the M = 2 and Af = 1 twistings. 

We will proceed to calculate the one-loop contributions about the hxed points of the regulator 
action Sq in the next two subsections. 
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8.1 One-Loop Contributions from the J\f = 1 Gauge Multiplet 


The BRST transformations of the J\f = 1 gauge multiplet are the same for both of the M = 2 and 
M = 1 twistings. As discussed in section 7, we would like to reduce all the component helds in the 
gauge multiplet into scalar helds on the S'^. 

In particular, when we will convert the gauge held Am to Vq and V±, the held strength Fmn = 
'DmAn — VnAm + ig [Am-, A„] may be rewritten in terms of them as 
1 2r 

-jemki (eV^e) Fki = Smki (eV^e) VkAi H-= —Vq + i - i 'D^m^V+ H-, 

-(^mki Fki = emki VkAi H-= —V+ + 2i (eV^e) - i (e'^V^e) H-, 

where the ellipsis stands for the gauge interaction terms, which gives no contributions to the partition 
function in the large t limit, and we will omit them. Note that the formulas (101) were used to derive 
these. Also omitting the gauge interaction terms, the held strength Fmz is given in terms of this 
language by 


Fmz = {F^Tme) ^ (6W) - P,l/_ + ^ (e^V^e) 

+ (eV^e) (eV”e) A^ - VAAq 
After the conversion, we can see that the BRST transformation of the bosonic helds is given by 
5 q 5 - = -^ 1 , SqVo = 6qV_ = ~fi, 5 qV+ = 0 , SgAg = 5 qA, = 0 , 


SqD\ = - 
= 


(Ar^e) - 2*^1 + 9 k ll + 


- (eV™e) - 9 [^, x] + 


where we denote a hxed point of the scalar held a as the same letter a, and the huctuation about 
this hxed point a as a. Henceforth, we will keep this notation until the end of this section. 

The BRST tranformation of the fermionic helds is given by 

= 0 , SqV = 0 , SqA = 0 , dqx = -D^i, 

Sgi = -2i^Vo + g [a, Rq] + * {Ar^e) dm^ + {Fh^e) - {Ar^F) vA)v+ + D\, 

6qv = -4:i^V+ + 2g [a, R+] + 2 (eV"*e) + t (e'^V’^e) dma - (e'^V’^e) dmVo, 

6q(p = 2i [(eV'^e) dmA^ + g [a, A,,] - V^Vq + iV^a] , 6qx = 2i [(e''V”"e) dmA^ - 2V^V+\ . 
Taking account of (V±)^ = Rp, we deduce that 


- 2 
Sq (SqV)^ = 


SQiSQxy=- 


t _ 

t 

t 

t _ 


2-e + tg [a, q + t (Ar^e) dmi + ^ {F^r^e) 

2^^h - 1? [c^, V] + {Ar-e) vJ 

t 


( 61 ) 


dmA - g [cr, A] + , 5q ((5qx)^ = [{Ar^e^) dmp} + 2iV^fi] , 


- (eV™e) VmX + 2f kx - 9 W, x] + (e'^V^e) Vm^f - 2iV^g 
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Each of these fluctuations is in the adjoint representation of the gauge group G, whose Cartan 
generators we denote a.s {i = 1, - ■ ■ ,r) with r the rank of G, and the remaining generators as 
with a a root of G. We assume that they obey 

r 

\Hiy E/q,] OiiE(yy O ] ^ ^ H^ = Oi ' 

i=l 


and are normalized as 

tr [HiHj] = 6ij, tr = 1. 

Since the fluctuations have no interactions in the large t limit, the fluctuations taking values in 
the Cartan subalgebra are decoupled from the remaining sector, and they yield an overall constant to 
the partition function. We are interested in the dependence of the partition function on the value a 
at one of the hxed points, and therefore we will focus on the remaining sector, where the fluctuations 
are expanded in terms of the basis {Eo,}a£A with A the set of all the roots of G. 

We then assume that {a ■ a) = non-zero for a generic (a^, • • • , a^). It implys that 

the operator [a, ■] acting on the sector we are interested in is invertible, and the following shifts are 
allowed to be done: 




-)■ 


Vo - i (eV”"e) dmCr, I4 

9 ■] 

V. ^ 

2 ^ [c^, ■] ' 


2 £/ [(T, •] ^ 

Az t Az i 

9 ■] 


which enables us to ‘gauge away’ the fluctuation a in the above BRST transformation. In order to 
ensure this, we need to use (102) in Appendix G.3. 

We would now like to contemplate the relation of the scalar a with a parameter 6 of the gauge 
transformation. In order to elucidate the discussion, we will refer to the value a at one of the hxed 
points as do. Before ‘diagonalizing’ do, the scalar held a is given by the sum 


d = ao{z,z) -f d, 

where the huctuaion a is dehned as the non-zero modes on the so that 

00 I 

1=1/2 m,m=—l 

with the scalar spherical harmonics {I = 0,1/2,1,3/2, •••;—/ < m,rfi < /) on the S'^. The 

hxed point ao(z,z) therefore corresponds to the zero mode 950,0,0 on fhe S^. With the parameter 9 
of the gauge transformation, the scalar held d is transformed inhnitesimally as 

d a + ig [9,a]. 

The parameter 9 may be expanded in terms of the harmonics 

00 I 00 I 

^=0 m,m=—l 1=1/2 m,fri=—l 
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Since there is the correspondence between ai^rn,m and for / 7^ 0, the measure of the non¬ 
zero modes Y\.i=i /2 fo the path integral can be cancelled by the gauge degrees of 

freedom, n«=i/2 Il-Km if fluctuation a never appear in the integrand of the path 

integral. This is indeed the case, as we have seen above in the large t limit. 

The remaining gauge degrees of freedom 9q{z,z) are used to ‘diagonalize’ <70(2;,^), as explained 
before. As we have elucidated in the previous paper [1], the ratio of the measures [dao\/[d9o\ gives 
rise to the Fadeev-Popov determinant 


Zpp — 


Det(o,o) [ig {cr • a)] = / [dc{z, z)dc{z, z)] exp 


aSA 


-ig'^ / d‘^Zy/^{ao 

aGA 


(y ) C—r\Cn 


. (62) 


with the Fadeev-Popov ghost Ca{z,z), Ca{z,z) (a G A), which scalar helds on S. 

Thus, we will set a to zero in the BRST transformations, and let us proceed to the evaluation of 
the one-loop determinants in the partition function. 

From the bosonic part of the gauge multiplet in the regulator action Sq, 


d^Xy/g ti 




we can see that the auxiliuary helds D ^2 and D'^i show up in the last term • Sqx and 

we will immediately integrated them out in the path integral. Furthermore, we will also integrate 
out the auxiliuary held since it appears only in the hrst term ‘ + • • •; with 

no D^i in the ellipsis. Then, the sum of the hrst term and the second term is reduced to 


d^x^/gti 


+ g [a, V„] + 


+ 


4 iAl 4 + 2g [ff, 14] + 2 


(64) 


and the third and fourth terms are summed to yield 


-4 / d^Xy/gtr \ (eV^e) dmA^ + g [a, A^] - + | (e‘’V™e) dmA^ - 2V^V+ 


which we will integrate by parts to obtain 


-ij + 

+V, ((eV”^e) dmVo - g [a, Rq] + 2 
where Aq denotes the diherential operator 


e) dmV, + g [a, Ro] + 2 {e^r^e) 

(eV’^e'’) Vg^V+) -A,- + V^V^V.Vo + AV,V+V,V. 




- [(eV”"e) dm + g [cr, ■]] [(eV”e) dn- g [a, •]] - (e‘’V”^e) (eV^e'’) dn- 

Since the three diherential operators 

(eV™e) dm = yTg, (e‘’V”"e) dm = ^T+, (eV™e^) dm = (65) 


with d = e^dm obey the Lie algebra of SU{2), 

[Ls-, L±] = ±L±, 
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[L+, L_] — 2L3, 
















we can regard Aq as 


H -L^L_ + [a, [a, •]] , 


which is potitive in the root sector expanded in the basis {Ea}, and the operator Aq is invertible in 
the sector. Using the inverse of it, we will shift and in the above integrand to give 


—4 J (fxy/gtr 

after integrations by parts, with 


AzA^oAg + TAzJ-y 


A_, 




( 66 ) 


J+ = 2 (^(etr”^e) dmV+ + g [a, U+] - 2*-U+j - (e'^V^e) 

where we have defined the operator A _2 by 

(eV'-e) + 2*^ + S k, ■] («V"e) D<-2> + 2!^ - j [a, ■] - (etr"e'=) ®i“> (e'V^e) 

From the dehnition, it is obvious that 

(eV™e) + 2i— = (eV”"e) ^<9^ + 2i^ - —'j el}j + 2*— = y (Lg + 1). (67) 


and so the operator A _2 may be rewritten as 

4 


4 


(L 3 + 1 ) +g [a, [cr, •]] H ^L_L+. 

7 “ r 

Therefore, with the same reason as for Aq, we can see that the operator A _2 is invertible. 

To achieve the above expression ( 66 ) of the integrand, we have used the formulas (102), repeatly. 
In particular, from (102), we can deduce more customized formulas for this purpose. 


^(q+ 2 )^^g) ^ j^(q) 


Di^^ + 2^^ 




+ 2*4 


D 


(9) 


n(0) A — A 
-^0 ^0 — ^0-t^o 5 


Zl^An = A_2T>4 


AnT>i"^^ = T>i“^^A 


-2, 


( 68 ) 


with the abbreviations, 

dJ-?) = (eV^e) = (eV™e") 

In the sum of (64) and ( 66 ), we will shift V± as 


U± ^ U± + 


2zi4")T2*^±77[a, •] 

This shift is possible, because the operators acting on the root Ea 


TlfUo. 


D 


(± 2 ) 


T 2^ 

=F 2i— ±g[a, ■] = — (L 3 =f 1) ± fi- (a ■ a) 
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have no zero-modes for a generic {a ■ a). Since the term in 6q^, 




2*^ - g [fT, 


Vn 


is shifted to become — d\_ — /CqVo, with JCqVq denoting 


9 F, -J 


-2t^ + g [a, •] ) (d® - g [a, •]) + 


Vo, 


(^r+ 9 •]) (^r - 9 

We obtain the integrand of the resulting sum of (64) and (66), after integrations by parts, 

/l.AoA, - [A_2 - mV,] +‘2t^ + 9 •]) ']) ^- 


- JCqVq 


/2') f _2) 

where we will shift Vq appropriately to eliminate the term D_ V+ — D\^ V-. This is possible, since 

the operator /Cq is invertible in the same sense as explained above. The last term in the above 
integrand then gives 

(KMf. 

Note that /Cold) is pure imaginary, which may be ensured by using 




-2t^T9 W, ■] j ± 9 ■]) + 

= + 2i^ ± g [a, ■]) ^ g [a, ■]) + 




(69) 


We now see that the resulting integrand is ‘diagonalized’, and it is a simple of matter to compute 
the one-loop determinants from the bosonic helds of the gauge multiplet. 


yl —loop ^1 —loop 

^V,B “ ^V,0 


^^et(o,o) [^-2] 


^^6t(o,i) [Aq] 'r’et(o,o) [^-2 — ^ -|- 2i^ + 9 [o', •] j ^ + 2*^ — 9 W, •] 

where the determinant Vet(^k,i)[D] for an operator D is dehned by 

- [ d^Xy/gtil^p'^D^p] 



„ r n I i—r ii—ri exp 

Veti^k,i) [D] 

for a bosonic (/c, /)-form held </? on S and its partner </?!, both of which are also scalar helds on the 
S^. We denote the one-loop contribution from Vq as ^v,o- Since Vq is a real held; Vq = Vq, some care 
is required to integrate over it. Upon expanding it in terms of the basis {U^jaeA, we have 

r 

i/„ = 5; vs h, + Y 1 


2=1 
'll _ T/-C 


aGA 


and the reality condition implys that (Uq")' = Vq “. Therefore, Zy^o is given by the path integral 


n w]exp 


aGA 


d'^xv^tr [{JCoVof] 
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with the exponent tr [(/CqVo)^] expanded as 


- 25 : 

aGA+ 


g{a -a) 


+ ^ (^ ■ «)) a)) 

- 2i^ + g{(T- a)^ - g{a-a)^ + 




up to the Cartan part, with A_|_ the set of all the positive roots of A. Taking account of (69), we will 
integrate it to obtain 


7I—loop 

V,0 


Det(o,o) 

aGA+ 


g{a-a) 


-2 


xDet 


( 0 , 0 ) 


(^r + g{^- «)) -g{(^- «)) 

^0°^ “ + S' (o- • «)1 - S' (o- ■«)) + 


-2 


where we dehned the determinant Det(fc,p[-D] for an operator D as 


Det(fc,z) [D] 


= [d{^Pa)^][d^Pa\exp 


d^Xy/g[{ipc,)^ Dcpc 


for a bosonic {k, /)-form field (pa on S and its partner {(pa)\ both of which are also scalar fields on 
the S^. They are just one components of an adjoint (p in the expansion 

r 

(P = '^ P>iHi + ^ p>aEa- 
i=l a&h 

Therefore, up to an overall constant including the Cartan part. 


,71 —loop ^ 

^V ,0 “ ^ 


Vet 


( 0 , 0 ) 


- g W, ■] ) 


FP T>et 


( 0 , 0 ) 


-2i^ + g [a, ■]) (- S [c^, •] ) + D 


(0) 


i(“2) n(o) 


Let us proceed to the one-loop contributions from the fermionic part of the gauge multiplet, of 
which the part in the regulator action Sq is 


- j d (^(5q ((5q0 -^ + <5(5 - g + dq {dqtpy ■ (p + dq {dqxY 'X + dq {dqxY ■ X 

Substituting (61) into this and integrating by parts, the first two terms become 


i.g] I of + 2i^ + g [a, •] 


D 


( 2 ) 


D 


(0) 


^ -|- 2i^ + g [a, 


and the remaining terms yield 


-^0 


- g •] 


B 


( 2 ) 


B 


( 0 ) 


B^^^ + 2zE - g [a, I 


X. 


Vzf} 


; 


,a; 


0 

EzX. 
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Integrating over (^, x, (p, and x to give the one-loop determinant 
^Ot(i^O) 


(oil'' - 9 k ■] 

p{2) 

\1 

[( Bf 

-Pf+ 27^-77[a, •] 

jj 


the latter terms in the integrand are reduced to 


-2i 


- 9 Wr 
( 0 ) 


D 


( 2 ) 


+ 2t^-g [a, I 


0 


after integration by parts. Summing this and the hrst two terms in the integrand results in 


h) / -9[(^.- 


D 


( 2 ) 


D 


( 0 ) 


+ -Df) +2i^,-g[ar]. 


Di 0 \ 


where the operators Di, D^, and 1^)4 denote 


Di = (Bf-sk. •iiiBr + 2i-.+sk,-n + Dr'cr. 


ho) 


D:i Da 






D. = D] 


( 0 ) ( ^( 0 ) 


0 


2 ^- + ^ [a, •] ) - ( Df -2t- + g [a, •] ) 


i(o) 


Da — ADgDz + ( Dq ^ — 2i— + g [a, 


D, 


( 2 ) 


2t--g[a, ■] ) 


and the zero in the top right component of the matrix is seen from the calculation 


D^ 


( 0 ) 


gW, ■] )D 


1 ( 2 ) 


D'-^’ D, 


( 2 ) / n( 2 ) 


'0 


2 *^ ■]] = 0 , 


with help of ( 68 ). Integrating over 77 , and r), we obtain the one-loop determinants 

^ \(Di Q 

U2 D, 


f - 9 ■] 

p(2) 

)1 

A 

~Dq ^ + 2i^ — g [a, • 

jJ 


^^Ot( 0 , 0 ) 


Thus, we compute the one-loop contributions from the fermionic helds of the gauge multiplet, 


Pet 


( 1 , 0 ) 


/7I—loop _ 

^V,F — 


- 9 ■] 


D 


( 2 ) 


D 


( 0 ) 


Pf+ 27^-77[a, •] 


Pet 


( 0 , 0 ) 


- 9 •] 

1 ( 0 ) 


D 


( 2 ) 


D^:> -Pf + 2t^-g [a, 

where the last factor is easily evaluated as 


■Pet 


( 0 , 0 ) 


Pi 0 
P 2 P 4 


^^et(o,o) 

= Pet(o,o) 
xPet(o,o) 


Pi 0 
P2 Da 


— ’Pet(o,o) [Di] Pet(o,o) [Da] 


Bf - 9 k ■] 1 I B'“’ + 2,- + g k .] I + D'_‘'D 


)( 0 ) 


)( 2 ) n(^) 


dP^Pz 


Pf -2t-+g [a, •] 1 ( P^^^ -2z--g [a, ■] 1 + D]^’D 


1(2) 


i(0) n(2) 
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Let us evaluate the determinant 


Pet 


{k,i) 


(dI,°’ - g [<T. ■] 

£)(2) 

)] 

A F“’ 

+ 2t^-g [a, •] 

)\ 


For four operators A, B, C, and D, we have the formula (see for example, [30]) 


Pet 


ik,i) 


A B 
C D 


= Pet 


( fc ,0 


A-B—C 

D 


[D] , 


for an invertible D. If there is another differential operator D' satisfying the relation 


we then obtain the formula 
Pet(fc,z) 

When we regard 


A B 
C D ^ 

l(2) 


B— = —P, 
D D' ’ 


p [D'A - BC]. 
Pet(fc,o [P'j ^ J 


B = D'^^>, D = -Dl^'>+2t--g[a,-], 


using (68), we hnd the operator 
and the determinant gives 


D' = -DS’^-g[a, •], 



-2i^+g[a, •] 

Pet(fc,z) 

Dq^ + 9 W. •] 



-Pet 


{k,i) 


- (+ 9 I ( D'r - g k.]) - D':’D 


( 0 ) 


i( 2 ) n( 0 ) 


On the other hand, we also have the formula (see for example, [30]) 


Pet 


( fc ,0 


A B 
C D 


D-C-B 

A 


= Vet(k,i) [A] Pet(fc,p 

for an invertible A. If there is another differential operator A' satisfying the relation 

^A A'^’ 


we then obtain the formula 
Pet(fc,p 

If we then identify 


A B 
C D 


Pet(fc,z) [A] 


Pet(fc,z) [A'] 


^Pet(fc,z) [A'D - CB]. 


A = DfC = Df, 
using (68), we can hnd the operator 


A' = - 2i^ - g [a, •], 
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and therefore, the same determinant have another expression 


Pet(fc^p 

- 9 •] 


Pet(fc_;) 

'D^^^-2t^-g[a,-] 




{k,i) 


a 


( 2 ) 


2*^ - 9 k. ■] I I -2i^ + g Iff,.] ) - 




For a {k,l)-ioTm fermionic field n on S of charge 2, which is also a scalar on the S^, and its 
hermitian conjugate v*, integration by part is used to deduce 


J (fx-^/gtr 

= J d^Xy/gti 

which implys that 


- 2'ii - 9 K ■) I ( D'i’ - 2i 


)( 2 ) 


a, •] 1 + ) V 


V ( ( + 2t^-g [a, •] ) ( + 2t^ + g [a, •] ) + ] v* 


F>et(fc,/) 

= F>et(/,fc) 


a 


( 2 ) 


2*15 - 9 Iff. -I I I -2i-, + g Iff, .| I - nfC 


ho) 7~)(2) 




a,-]] lDi-^^ + 2z--g[a,-]]-D^yD 


)(o) n(“^) 


— [^- 2 ] • 


Similarly, we can see that 


Pet 


(k,i) 


- + a Iff. •] j (£>)“' - 9 Iff. -Ij - d'^’d 

- (of + g [ff, .|) (d<°> - g Iff, .l) - £><:">£>!”>1 = Pet,,,*, [Ao], 


( 0 ) 




= Pet 


{i,k) 


and that 


Pet 


{k,i) 


-2i—±g[a, •] 


= Pet 


{i,k) 


Pq + 2*4 ± 9 •] 


Using these, we may rewrite the determinant 


( -Do"’ - 9 |ff. ■] 

p{2) 


[( Df 

-Pf+22i-(7[a, •] 

-1 


Pet 


(i,k) 


+ 2z- 


cr, 


Pet 


{i,k) 


+ 9 •] 


■Pet(;^fc) [Aq] — 


Pet 


{i,k) 


^4 - 9 •] 


Pet 


ii,k) 


b‘-"> + 2rt - g [ff, ■] 


(70) 

[A_2] , 


which also implys the formula 


Pet()^fc) [Aq] 

Pet(),fc) 

- 9 •] 

Pet(z,fc) 

^4 + 9 •] 


Pet(tU [^- 2 ] Pet(i,fc) 

pS +2i^- g [a, •] 

Pet(z,fc) 

Pq ^ + 2i^ + g [a, ■] 


Using (70) twice in a bit tricky way, we obtain Zy p°°'^ 


Pet(o,i) 

Pq ^ + 2i^ + g[a,-] 

Pet(o,o) 

p4'^ + 2 *^ 

- ^ •] 

Pet(o,i) [Aq] 

Pet(o,i) 

+ 9 •] 

Pet(o,o) 

^ •] 

Pet(o,o) [^- 2 ] 
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With the same reasoning as the argument about integration by parts in the integrand, it is easy 
to see that 


^^et(o,o) [Di] — 'Det(o,o) 


D, 


( 0 ) 


2*^ + g [cT, 


a 


( 0 ) 




^^et(o,o) [-D4] — 'Det(o,o) [^T^zT^z — ^-2] • 


Using this, we will combine the one-loop contributions Zyg°°^, Zyp°°^, and Zpp from the gauge 
multiplet to yield 


PGt(o 1 ) 

—loop ry / 7 I—loop / 7 I—loop 

Pq ^ + 2 i/ 2 - + g [a,-] 

Pet(o,o) 

- 9 [© •] 

(711 

Zjy — ZppZyy g ^V,F ~ 

Pet(o,o) 

Pq ^ + 2*/2 + 1 ? [© •] 

Pet(o,i) 

- 9 •] 

5 P -Lj 


where we have made use of the invariance 


Pet 


( 0 , 0 ) 


- 9 •] 


= Pet 


( 0 , 0 ) 


dT + 9 •] 


under a —?■ —a for all the roots a G A. 

The determinant Pet(fc^;) can be evaluated by using the basis ®v® Pq, (pi^rn,m ® (8) Hi}, 

for V running over all the basis vectors of the set of all (/c,/)-forms on S, upon regarding 

as a linear space. Here, 9 ^ 1 ,m,in = 0,1/2,1, 3/2, • • • ; —I < m,m < 1) denote the scalar 
spherical harmonics on the S^, and through the relations (65) of the differential operators with the 
generators of the Lie algebra of SU{2), they provide the representations of the SU{2) algebra; 


Ls‘^l,m,rh — (/ ^ i ?7i -|- l)(/?Z,m±l,; 


On the basis^® P^}, using (67), we deduce 

i 


Vet 


{k,i) 


Vet 


{k,i) 


- 9 •] 


Pq ^ + 2i-^ -|- 9 [a, •] 


n n n 

“G^«eiZ>o rn,ih=-l 


2i 


m — g {a ■ a) 


n n n 

“eAiglz>o m,rh=-l 


2i 


(m + l) + g{a ■ a) 


with iZ>o the set of non-negative half integers, where the determinant det(fc,z) is dehned over the 
space r2(^’*)(S). 

As explained in [31], the Hodge decomposition implys that for the space r2^’*(E) of all the {k,l)- 
forms on the Riemann surface S, 


pi’°(E) © P°’i(S) = (P°-°(E) 0 P°(E)) © (P°’°(S) © P°(E)) © H\T.), 


where P^(S) is the space of all the harmonic p-forms on S. It follows from this that for a constant 

D, 


det(o,o) [D] ^ ^6o(s)-|6i(s) ^ /)ix(s) 
det(o,i) [D] 


(72) 


^®Since the contributions from the basis vectors 0 v 0 Hi to the determinants are constant factors to the 

partition function, we will omit them. 
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with 6j(S) = dimifj(S) the i-th Betti number, and with the Euler number x(^) of fh® surface S; 

X(E) = 6o(S) - 6i(S) + 62 (S) = 26o(S) - &i(S), 

where we have used the Hodge duality; 6o(S) = ^ 2 (S). 

Taking account of this, we can reduce ^l-loop 

to 

ix(S) 


7I—loop 
"V 


n n n 

aGA/eiZ>o rn,m=-l 


m — g {a ■ a) 


2i 


(m + l) + g{a ■ a) 


n 

oSA-i- 


rg 


(a • a) JJ (n^ + rV (o' ■ af) 


n=l 


where we have replaced / by n = 2/ (n = 0,1, 2, • • •). 
From the formula 


— sinh Tix = X TT ( 1 H- - ) , 

71 V / 

m=l ' ^ 

together with the zeta regularization, 

CX> 

m = e~^ ® = \/^, 

it follows that 


m=l 


/7I—loop _ 

Zy - 


[2 sinh (yrr^f (a • a))] 

oGA+ 


X(S) 


X(S) 


(73) 


In the round limit r —)■ r, Zy is in agreement with the previous result in [1]. 


8.2 One-Loop Contributions from the J\f = 1 Hyper mult iplet 


Let us proceed to compute the one-loop contributions from the hypermultiplet by localization. Since 
the BRST transfromation in the M = 1 twisting differs from the one in the M = 2 twisting, we will 
discuss them separately in the next two subsubsections. 

However, the BRST transformations of the scalar fields H, of the hypermultiplet are common 
in both the M = 1 and the M = 2 twistings. From (60), the BRST transformation of the scalar 
fields is reduced to 


5qH = 0, 5qH = 0, 


SqH' 


2^/2''’ 


iqH' 




8.2.1 The M = 1 Twisting 


Let us begin with the J\f = 1 twisting to calculate the one-loop contributions from the hypermultiplet 
to the partition function by localization. 

The BRST transformation of the fermions in the hypermultiplet is given by 


= V2i 


{e^T^e)V^-^^^H + g 


r n 

r ~ 

a, H 

+ i^H 


, <5^^ = V2t (e'^fr^e) 


5q 7] = F^i - 2y/2V^H, 6 qK = 0 , 


SqX = 




SqT] = F^i + 2V2V^H, Sqk = 0, 
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and its hermitian conjugate by 


{^qX)^ = -\/2* 


(eV"^e) 






{dQ'n)^ = -F\ - 2V2V,H\ {5 qk)^ = 0, 


(^qX)^ = \/2* 


(eV”^e) - g [a, H^] - 

i^Qv)^ = F\ + 2V2V,H\ (<5q«)^ = 0. 

Using the BRST transformation of the auxiliuary helds F^ 2 , F‘^ 2 , 


SqF^2 = 


5qF\ = 


(e^V”"e) ^'^rnX - (eV™e) V^^r] - g [a, g] + i^g - 2 i'D 2 K 
(6'^V^e) ©(-'Lx - (eV”^6) vE^f! - g [a, g] + i^g - 2iVfK 


where we have omitted the terms g [</>*, A'^] on the right hand sides of both the equations, 

because they vanish in the large t limit, we find that 


^0 ('Sqx)’ = 5 
■50 M' = 

Sq (6qx)' = 


V^^^’raii “ P [c^, «] - i- 


:fx 


Sq (ioO’ = I 




tX 


(eV'^e) + g 




■ ^ c 


= 0) 


(eV™e) - g [a, k] - i^K , 6q (eV”"e‘') V^^k, 


h \ \ - (eV”"e) + 9 [c^, 


— 0 - 


The system of {H, W, Xi C) h; K, F^ 2 ) is identical to the one of (if, H\ y, g, k, F^ 2 )- If the former 
contributes the one-loop determinant Zl-loo, 

to the partition function, both of the systems contribute 
Therefore, we will focus on the former system only. 

From the fermionic part of the systerm {H, H\ y, g, R, F^ 2 ) of the regulator action Sq, 


y/gd^x 6 q (5qx)^ -X + Sq {SqO^ ■^ + Sq {^ggY ■ g + Sq {SqRY ■ R 


Nt 


t 




x/gd^x 


X, ^) ( (eV-e) - g [a, •] - 

-p(i)^ _ “ 9 [c^,'] - T 


K 

E. 


where we have performed integration by parts, the one-loop determinant from the fermions of the 
system (i/, i/1, y, g, R, F^ 2 ) can be read as 


Zy°°P = Det(o 1) 


(elr"*e) - 9 [^, •] - R 

p(l)^ 


(e"lr™e) 


-felr-e)D(-i)^-^7[a, ■] - 


where the determinant Pet^Q i) is defined such that the path integral over a fermionic {k, /)-form 
on S and its partner A with a differential operator D yields 


[dA] [d^l^] exp 


^/gd^x XDifj 


= Vet(^k,i) [D ]. 
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For four differential operators Di, • • • , 1 ) 4 , we have the formula 


Vet 


{k,i) 


Di D 2 
D3 -D4, 


= 'Pet(fc,z) [Di] Vet^k,i) 


— -D 3 — D 2 


for an invertible Di. If there is another differential operator D'l satisfying the relation 

F>3— = —^ 3 , 

^Di D'l 


we obtain the formula 

In our case, we have 


Di D 2 
D 3 -D 4 




Di = (etr^e) V^^^^ - g [a, •] - D, = (etr™e'=) 


which both act on the spinor R of negative chirality on S and of charge q = t. Using (99) in Appendix 
G.3, we can find the operator D'l, 

D3D1 = (eV”e^) V^^^n (eV”"e) - 9 [cr, •] - 

(eV™e) - 9 [a, •] + i-} V^^\ = D'lD^. 


Therefore, we hnd that 


/7I—loop _ 

^H,F 


— T>et(o 1 ) 


^et(o,i) [(eV™e) V^^^m - 9 •] - 


'DD^)rn - 9 ■] + ’ 

where the differential operator denotes 


AAr=l 

^H,B 


Note that 




e'r e 


r 

r 


- (eV”^e") (e"V”^e) 


Pet 


(0,4) 


(eV'^e) V^^^m - 9 •] - *4 


= / [dx] [dH] exp 


- / y/gd^xxDiR 


= / [dy] [dk] exp 


2 / y/gd^xRD'ix 


= Vet 


(4.0) 


(eV™e) p( - (7 [a, •] + 


The differential operator P'l in the determinant Pet^i q) [P'l] on the most right hand side doesn’t 
depend on the chirality of x, and therefore, Pet(i [P'l] = Petj-Q [-D'l]- It means that the ratio of 
the determinants is unity; 


^®^(o,i) V^^^rn - 9 •] - 

[{e^r'-^e) P(-b^ - g [a, •] + i^] 
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and we obtain 


[AS-]. 

In the bosonic part of the system {H, W, y, fj, k, F^ 2 ) of the regulator action Sq, 


(f’x^ {5 qx)^ ■ Sqx + ■ 6q^ + {Sqfiy ■ Sqf] + {Sqky ■ Sqk 


we will shift the auxiliuary helds so that we can trivially integrate them out. We will integrate 
the remaining part of the action by parts to obtain 


-2 J 


and see that the one-loop determinant from the bosonic helds of the system {H, H\ Xi h) is given 
by 

^1—loop_ i- 


Therefore, the contributions from the hyper mult iplet to the partition function are trivial; 

In the round limit r ^ r, the contributions from the hypermultiplet reproduce the previous results 
about the hypermultiplet in [1], 

8.2.2 The AT = 2 Twisting 

Let us proceed to the M = 2 twising. In contrast to the M = 1 twisting, the system of the huctuations 
(//, iLi, X, (^, ?7, if, F^ 2 ) yields the different contribution to the partition function from the one from 
(iL, H\ X, T], K, F‘^ 2 ), and we will treat them separately below. 

The BRST transformation of the fermions in the hypermultiplet is given by 


^qX = 


(eV™e) V^^^mH + g 


a, H 


F 2i—H 


, 6q^ = V2t 


5qr] = F^i - 2\/2'D^H, 5qK = 0 , 

5qx = -V2t [ (eV"^e) + 17 [a, F] ], = -V2t 

dqfj = F ‘^1 + 2V2V^H, Sqk = 0, 


and its hermitian conjugate by 


= -V 2 i 


2 i^H^ 


{5qO^ = -^/2i (etr”^e'=) 


{eh^e) - g [a, 

{5qT])^ = -F\ - 2V2V,H\ {6qK)^ = 0, 

((5qX)^ = V2t [ {eW^e) - g [a, H^] ], ((5gf) ^ = V2i 

{6qg)^ = F\ + 2V2V,H\ {6qk)^ = 0. 
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Using the BRST transformation of the auxiliuary fields F‘^ 2 i 


5qF^2 = ^ [(e"V™e) - g [a, g] - 2 tV 2 K\ , 


SqF\ = X 


(e^V^e) - (eV™e) - g [a, fj] + 2t^g - 2tVfK 


where we have omitted the terms ( 7 ( 0 '*)°'^ [ 0 *, A'^] on the right hand sides of both the equations, 
because they vanish in the large t limit, we find that 


t * 


<5q {SqxY = 


(M) = “2 ^ U 


(eV^'e) - g [o', k] - 2i—R 






r ~ 


= 0 , 


<5q (<5qx) = “2 


(eV'^e) - g [a, k] 




- {Yr^e^) 


<5q MY = 2 {+ 9 [^, 


— 0 - 

From the fermionic part of the systerm {H, HY x, Vy -^^ 2 ) of the regulator action Sq, 

- [ Vgd^x \6 q {6qxY -X + Sq (SqO^ ■^ + 5q {dQfjY ■ V + 5 q {dgHY ■ « 


Vgd^x 


Xy q ( (eV™e) P- g [a, •] - 2*^ (e'^tr^e) 

(eV^^e'^) - (eV™e) - 9 [o', •] j I ?7 


where we have performed integration by parts, the one-loop determinant from the fermions of the 
system (if, HY y, fj, k, F^ 2 ) can be read as 


= ^^et(o,o) 


(etr^e) - g [a, •] - 2*^ {e^r^e) VF^^ 

(etr-e'=) - (etr^e) VF^)^ - g [a, •] 


(74) 


with the determinant 'Det(o,o) defined in the previous subsection 8 . 2 . 1 . 

As in the J\f = 1 twisting in subsection 8 . 2 . 1 , upon computing the one-loop determinant (75), we 
may identify the differential operators Di and with 


D, = (e^T^e) - g [a, •] - 2*-, D®, 

respectively, and using (99) in Appendix G.3, we obtain the operator D'l, 

(eV™e) - 77 [a, •] - 2*^ 

= [{Yr^e) VF^)^ - g [a, •]] = DYD^. 

Using this relation, we can compute the one-loop determinant 


[Ayy] 


Pet 


( 0 , 0 ) 


(etr-e) - g [a, •] - 2*^ 


Pet 


(0,0) 


(etr”^e) P( 2)^ _ g [a, ■] 
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where the differential operator denotes 

= - ( (eV™e) - 17 [cr, •] ) ( {eh^e) + i? [a, •] ) - {eh^e^) (e'^V^e) V^-^\ 

In the bosonic part of the system (if, H\ Xi Vi of fho regulator action Sq, 

- j ((5qX)^ • 5qX + (Sg^y ■ 5q^ + {dgfjy ■ dgfj + {Sgk)^ ■ 6qK 

we will shift the auxiliuary fields so that we can trivially integrate them out. We will integrate 
the remaining part of the action by parts to obtain 

-2 j 

with the differential operator given by 

- ( {eW^e) - g [a, •] + ( {eh^e) + g [a, •] + 2^^) - (eV^e'^) p(o)^_ 

Therefore, we can read the one-loop determinant from the bosonic fields of the system (if, iff, Xi Vi i^i F^ 2 ) 
as 

/7I—loop _ 




Ait? 


^^ 0 t(o,o) 

Let us move onto the fermionic part of the systerm (if, iff, y, g, k, F‘^ 2 ) of the regulator action 


<Sqi 


- / Vdd^x 


= 2 / 


dq -X + dg (^dgtj ■ ^ + dg (Sgg)^ ■ V + dg (dgn)^ ■ k 

(xi i) ( (efr”"e) - g [o’, •] {e’^h'^e) V^^'^rn 

(efr"^e'=) _ (efr^e) - g [a, •] - 2i 


K 


.V. 


upto an integration by parts. It gives rise to the one-loop determinant 


Zy°°P = Fet(i,o) 


'(efr-e) _ g .] {e^^r^e) 

(6fr™e‘=) p{o)^ _ g .] _ 2 , 


; r_ 


(75) 


with the determinant 'Det(i,o) defined in the previous subsection 8 . 2 . 1 . 

As we have done just above, identifying the differential operators if 1 and ffs with 

ffi = (efr™e) _ g ^ ^(2)^^ 

and using (99) in Appendix G.3, the operator ff'i is found to be 

ffaffi = 

(efr"^e) - g [a, •] + 2t^] (eV^e^) 
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It follows from this relation that the one-loop determinant is computed to give 




with given just above. 


XAA =2 


^^et(i^o) 

(etr™e) _ g .] 


^^et(i^o) 

(etr"^e) _ g .] + 2i^ 


In the bosonic part of the system {H, x, r], k, F‘^ 2 ) of the regulator action iSg, 


(<5qx)^ ■Sqx+ {Sgi) ■ Sq^ + {Sgr])^ ■ SqT] + • 6qk 


- / 


we can trivially integrate out in the same way as above. We will integrate the remaining part 
of the action by parts to obtain 


-2 J 


with the same as above. It immediately gives the one-loop determinant from the bosonic fields 

of the system {H, W, x, t], k, F‘^ 2 ), 


7I—loop 


«•'> Pet, 0 , 1 ) [Ai(|=] ■ 

Combining the one-loop determinants from both the systems, we obtain 


7I—loop 


= z 


1—loop ^1—loop ^1—loop ^1—loop 
H,F ^H,F ^H,B ^H,B 


Pet,„,„, Vetam 


’Pet(o,o) 


^^et(o,i) [A^g^] 'Pet(o,o) 


^ 6 t(i_o) 

(etr'^e) - g [a, •] 2i^ 


X- 


^et(i^o) 

{e^r^e)V(^^^-g[a, •] 

^^6t(o,o) 

(etr”^e) _ g .] 


We may regard the differential operators 

(eV”£) P® = |i3, (£'=tr”e)Pr = 7i+, (eV”£=) P™ = f U, 

as the generators of the Lie algebra of SU (2) satisfying that 

[-^3) L±\ = [L+1 L-] = 2 L 3 . 

Then, the scalar spherical harmonics (^ = 0,1/2,1, 3/2, • • • ; —/ < m,fh < 1) on the obey 

L3'^l,m,rh ~ L±'^l,m,rh ~ \/T 'n7.)(/ i ?7i -|- 

Each of the fluctuations is in the adjoint representation of the gauge group G, whose Cartan 
generators we denote as ETj (i = 1, • • • , r) with r the rank of G, and the remaining generators as 
with a a root of G. We assume that they obey 

r 

\Hi^ E(y^ E_q^ ^ ^ ^iHi — cy * 

i=l 
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and are normalized as 


tr [HiHj] = 5ij, tr = 1 . 

As explained in [31], the Hodge decomposition implys that for the space of all the {k,l)- 

forms on the Riemann surface S, 

= (H°’°(E) 0 H\E)) © (H°’°(S) © H\E)) © H\E), 

where hr^(S) is the space of all the harmonic p-forms on S. It follows from this that for a constant 

D, 

^et(o,o) [D] ^ ^ 

Pet(i,o) [D] 

with 6 i(S) = dimifi(S) the i-th Betti number, and with the Euler number x(S) of the surface S; 

X(S) = 6o(S) - 6i(E) + 62(S) = 26 o(E) - 6i(S), 

where we have used the Hodge duality; 6 o(S) = 62 (S). 

The one-loop determinant Vet(^k,i) in i® dehned over the space with the basis^® <2) 

Eq, © n}, where v G 

In terms of the basis © Eq, © n}, we obtain 


^et(o,o) 

(eV™e) - g [a. 

- 

^et(i^o) 

(etr™e) - S' [© • 

] + 


i i 


1 5X(S) 


oSA igiz>n m=-l m=-l 


2i 


n n n n 


up to an overall constant, where a is a root of the Lie algebra of the gauge group, and A is the set 
of all the roots of it. 

By the hermitian conjugation, we can see that 


Vet 


( 0 , 0 ) 


(eV^e) •] 


= Pet 


( 0 , 0 ) 




and in a simialr way to above, we can compute 


^6t(i^0) 

1 - 1 

— f- 

s 

1 

1_1 


1 


^^et(o,o) 

(etr”"e) P^-^)^ - g [cr, •] 


riaeA nzelz>o UL=-i U^=-i {fm + f (l - g) - p (a • a)) 

|x(S)’ 


upto a constant factor. 

After replacing spin / by n = 2/ = 0,1, 2, • • •, and shifting n —)■ n — 1, we hnd that 


^^et(o,o) 

(eV”^e) PW^ - g [a. 

] - 2*g^ 

^6t(i^0) 

(eV-c) P(2)^-p[a, •] 

^^et(i,o) 

(elr™e) P^^C - S' [© • 

] + 

^^et(o,o) 

(etr"^e) P^-^)^ _ g [cr, •] 


n 

oSA [n 


n - 1 + 2^ - irp (cr • a) 
■=^ + 1 - 2 ^ + ifg {a-a) 


n 


|x(S) 


n 

oSA 


Sb=i {i - 2i^ -rg{a- a)) 


4x(s) 


^®More precisely, the basis consists of {(pi^m,fh ^ Ea (Si v} and (S Hi (S r’}, with v G However, the 

Cartan part of the Lie algebra of G contributes a constant to the determinant, and we will omit them in computing 
the partition function. 
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where Sfe(x) is a double sine function; 


/ N mb + nb ^ — ix 

Sbix) = M , in^ • ’ 

mb + nb ^ M + ix 


m,n=0 


with Q = b + b In particular, when & = 1, it is reduced to 


oo / . \ n 

\n + IX 
n=l ^ 


(76) 


For more details on double sine functions, see [32, 21, 33, 34], 

The remaining factor in the one-loop contribution ^l-loop 

is computed in a similar way to yield 


Pet(o.o) ^^et(i,o) 


^^et(o,i) [A^g^] 


Pet 


( 0 , 0 ) 






n n n 


(m + 1 - 4)^ + Ml - m){l + m+ 1 ) + 9 ^ {a ■ a) 


2 \ 


6Ai6iz>o™,*—' \ ?i(™ + &)" + ;i('-™)(' + ™+l)+snff'a) 

n ff f 


^(^ + 1 — ^) +9 {o'■ ay 


n n n i 47 ; #= 272 , 

ogA m=—/ V P' ' ' 3 \ ) 


n 

oeA 


Sb=i ( i - 2i^ -rg{a -a)] Sb=i ( i - 2i^ + rg{a ■ a) 


^ 5X(S) 


Therefore, wrapping up all the factors, we obtain 



with A+ the set of all the positive roots in A. 

Let us consider the round limit r ^ r of To this end, we will derive the formula 

Sb=i{—i + x)sb=i{—i — x) = ^2sinh(7ra;)j , 
by using the zeta regularization. 


(77) 


n 

m=l 


= pE^^iiogm 


m = e 




e ^ = y/^. 


In this regularization, we can prove the above formula as follows: 


S6=i(-ia:)s6=i(-i - x) = JJ 


n=l 


n — 1 — ix\^ fn — 1 + ix 


n + 1 + ix J \n + 1 — ix 


= X 


2^2 




771=1 


n 

\.7n=l 


771=1 




= ^2sinh(7rx)j , 


ix(S) 
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where we have used the formula 


— sinh TTX = X 
TT 


n 

771=1 



We can make use of (77) to see the round limit r —)■ r of 

|x(s) 


Z l—loop 

H ^ 


^Sb=i {-i -rg{a ■ a)) Sb=i {-i + rg{a ■ a)) 

aeA+ 


p sinh (vrr^f (cT • a)) 

Q:GA+ 


x(S) 


In summary, we have seen that the one-loop constribution in the M = 2 twisting on the squashed 
S'^ is given by 


/7I—loop ,71—loop 7-I—loop 

Zj - Z/y Z/u 




p sinh (vrr^f (cr • a)) 

aGA+ 


X(S) 


Sb=i (i - 2i— -rg{a ■ a)] Sb=i (i - 2i— +rg{a ■ a) 


^ 5X(S) 


9 Localization on the ellipsoid 

We will calculate the partition function by localization on the ellipsoid 5'^ in the background discussed 
in subsection 5.5. The calculations we will carry out are quite parallel to what we have done for the 
round and squashed S'^’s in the previous section. All we have to do is to replace the background 
gauge held V by the one in (103), and f/r^ by 1//. The hxed points discussed in the begining of 
subsection 9.1 are the same as for the background on the ellipsoid S'^. 

Therefore, we will briehy explain the calculations of the one-loop contributions from the M = 1 
gauge multiplet and the AT = 1 hypermultiplet, separately in the next two subsections. 


9.1 One-Loop Contributions from the M =1 Gauge Multiplet 


For the BRST transformations of the Af = 1 gauge multiplet, as discussed in section 7 and done in 
previous section 8, we will reduce all the component helds in the gauge multiplet into scalar helds 
on the S^. 

As seen in section 8, upon converting the gauge held Am to Vq and V±, the held strength Fmn 
and Fmz are given, up to the gauge interactions, by 


1 2r 

-(^mki (eV^e) Fki = -^Vq F i (e'^V^e) - i (eV^e'") 

1 A'Y' 

-emki (e'^v^e) Fu = + 2i (eV^e) T>l^'>V+ - i (e'^V^e) T>l^'>Vo, 

Fmz = {e^^rme) ^ (eW) ^ (e'^V^e) A, - 

+ (eV^e) (eV”e) - V^Vo 

where we have used (105), and we will omit the gauge interactions, as before, since they have no 
ehects on the partition function in the large t limit. 
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The BRST transformation of the bosonic helds is given by 

SqV- = ~fj, 6 qV+ = 0, 5qA2 = 5qA, = 0, 


= 4 

hD\ = 7 


2i 


(eV-e) V^^y^-ji + g 






2i 


- (etr™e) V^i^x + jX-9 W. x] + - 2tV,V 


where we denote a hxed point of the scalar held a as the same letter a, and the huctuation about this 
hxed point a as a, as we have done in the previous section. Henceforth, we will keep this notation 
until the end of this section. 

The BRST tranformation of the fermionic helds is given by 

= 0, SqT] = 0, 6q^ = 0, 6qx = 

9? 

<5(3^ = -jVo + 9 [a, Ro] + * (eV^^e) Vy^'>V. - (eV”^e^) + D\, 

4? 

SqV = -jV+ + 2g [a, R+] + 2 {e^r^e) ^ (e'^V^e) d^a - (e'^V^e) 

6qP) = 2i [(eV'^e) dmA^ + g [a, - V^Vq + W^a] , 6qx = 2i [(e''V”'e) dmA^ - 2V^V+\ , 

and furthermore, we hnd that 


(<5q0^ = 


/ 


^ + i9 




+ * (eV™e) dU + t {e^T^e) 


(<5Qh)^ = - * 


f,-g[a,f,] + (etr-6) - [e^r^e^) Vj 


= “2 - 9 <P] + , (5q ((5qx)^ = [(eV”"e‘') dm^ + 2iVsr]] , 


i^QX)' - “2 


2i 


- (eV™e) VmX + jX- 9 [c^, x] + (e'^V’^e) - 2iV^g 


As we have discussed in the previous section 8, assuming that {a ■ a) = X]I=i non-zero for 

a generic (a^, • • • , a^), we can see that the operator [a, •] acting on the sector with the basis {£’«} 
we are interested in is invertible, and we will ‘gauge away’ the huctuation a by the shifts 

Vq Vq — f —77 — 7 (eV™'e) dmO', R+ R- ~ 7—f - r (RV™'e) dmO', 


9 •] 


2 g [cx, •] 


V- R- - 7 / . (eV^^e^’) dmd-, -)> A^ - i ^ d^a, 

2gl(T, ^ ' g [a, •] 

in the BRST transformation in the large t limit, where we used (107) in Appendix G.5. 

Using the remaining gauge transformations, we will ‘diagonalize’ the value of the scalar a at one 
of the hxed points. The latter results in the Fadeev-Popov determinant 


Zpp = Det(o,o) [19 (cr • «)] = / [dc{z, z)dc{z, z)] exp 


aeA 


-igY] / d‘^Zy/^{a-a) 

aeA 


C—rvCn 


. (78) 


with the Fadeev-Popov ghost Ca{z, z), Ca(z, z) (a E A), which are scalar helds on S. 
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This gauge-fixing procedure is quite the same as for the squash in section 8, and we will set 
a to zero in the BRST transformations. 

The bosonic part (63) of the gauge multiplet in the regulator action Sq, after integrating out the 
auxiliuary fields and integrating by parts, is reduced to the sum of 


- / d^Xy/g ti 


9i 2 

-jVo + g [a, Ro] + 


+ 


7 


R+ + 2g [a, R+] + 2 {eh^e) - (e'^V^^e) d^Vo 


(79) 


and 


-4 j d^x^tT[A,AoA, + A^V, ((etr"*e) d^Vo + g [a, Ro] + 2 (e'^V^e) 

+V, ((etr^e) d^Vo - g [a, Rq] + 2 [e^r^e^] V<^^V+) -Tl, + V^VoV.Vo + 4V,V+V,V. 

where Aq denotes the differential operator 

- [{e^T^e) dm + g [cr, ■]] [(eV"e) dn - g [a, ■]] - (e'^V^^e) (eV^e'^) dn, 

which is potitive and so invertible in the root sector expanded in the basis {Ea}. 

As we have done for the squashed in the previous section 9.1, using 


^(g+2)^(g) ^ ^(q) / Ug) ^ 


2i 

1 


— i 


. /? + 2 


(e'^V^^e) Kn„, 


^(9)^(9) _ I ^ 


(9-2) 


2% 


0 


('') ^o(T\ (A 


e'T e 


'] V 

) ^ mm 


( 80 ) 


with the abbreviations, 

= (e'^V^e) = (eV^e'^) 

derived from (107) in Appendix G.5, we will shift A^ and A^ in the latter integrand to give 

1 


—4 J d^x^ii 

after integrations by parts, with 


AzAqAz + TA^J, 


A_, 




(81) 


J+ = 2 {{e^T^e) dmV+ + g [a, R+] - jV^ - (e^V”^e) 
where we have defined the operator A _2 by 

(fV'-f) V'-^^ + J + 9 K ■] (fV"£) + J - 9 |<T. .] - V>J>, 

which is also invertible in the sector we are interested in. Here, we have made use of 

An + + A_ 2 ’ 
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which is also deduced from (107). 
When we shift V± as 


14 ^ 14 + - 


2 £)(±2) ■] 




for a generic {a ■ a), the term in Sq^, 


w +[j-9 [^, •] J 

is shifted to become Zl (^^14 — /1^^^14 — /CqVo, with JCqVq denoting 


h-2) 


2i 


9 •] 


4°’ + 9 h •]) ( b;“' - 9 ■ 


i(o) 


where we have used the formula 


- J + 9 [9, ■) I ( b;-' - 9 [<t, •) I + or'o 


2i 


( 0 ) 


l(~2) 7--)(0) 




7)(2)_; 

^ -^(2) I 2i 


± f T 9 K -I pr T 919. 


-P 


( 2 ) 
± ) 


which follow from (80) and 


and the formula 


^{q-2)^{q) _ [ p(-?) _ ^ ^ 2 


j^{-2)^{0) _ p(2)p(0) ^ y'^o\ 


(eV”^4^) 14n, 


of (107), together with (106) in Apeendix G.5. 

Therefore, the integrand of the sum of (79) and (81), after integrations by parts, becomes 


1 


A_q 


A.AoA, - 14 ^ [A_2 - AVJ),] ( + -- + g[a^.]\{ + IT _ ^ + T |/Co4o|" , 


2i 


f 


l(-2) 


2i 


f 


/'2'i f _2') 

where we have shifted Vq appropriately to eliminate the term D_ V+ — D\ V-, as before. 

Integrating over the remaining fluctuations, we obtain the one-loop determinants from the bosonic 
fields of the gauge multiplet, 

^^et(o,o) [A 2] 


/7I —loop ry 

^V,B ~ 29- 


v,o- 


^^et(o,i) [Aq] Pet(o,o) [A _2 — IDq j + g[a, ■]] (Dq ’ + y — g[a, ■] 


f 


l(-2) , 2i 


where Zv,o denotes the one-loop contribution from lA. 

Taking account of the fact that Vq is a real field; Vq = Vq, we find that 

n -2 

g{a-a) 


Zv,o — Det(o,o) 

Q!GA+ 


+ 9 {(^■<^)) (- 9 


)( 0 ) 


xDet 


(0,0) -j + 9{(y-a^ (^r -9{(y ■a)^+D+ 


n -2 
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Therefore, up to an overall constant including the Cartan part, 


^v,o — 


Pet 


( 0 , 0 ) 


- 9 •] 


^FP Pet 


( 0 , 0 ) 


a 


(0) 2i 


0 


7 + ^ [cF, 


a 


( 0 ) 


g[a, ■] 


The computation of the one-loop contributions from the fermionic part of the gauge multiplet in 
the regulator action Sq is also parallel to that for the squashed S'^. 

Integrating by parts, the fermionic part is reduced to the sum of 

h 2 ) 


( -^ 0 °^ + j + gWr] 
D 


( 0 ) 


Ph- \ /C 

-Pf + ^+^[a,-]j U. 


and 

1 

2 




P 


( 0 ) 


P 


( 2 ) 


P 


( 0 ) 


+ T-9W,-] 


X, 


+ 




0 ■ / 

Integrating over 9 ?, y, 7 , and x gives the one-loop determinant 


.X, 


+ 


<- 9 , X 


0 

.^zX, 


^et(i^o) 

and leaves the integrand 


- 9 •] 

Pi°^ 


p^ 2 ) 

-Df + ^-g[a,-] 


(82) 


/P®-)?[a,-] n( 2 ) 


P 


(0) 


PI 

1 ( 2 ) I 2 * 


Pi 0 

P 3 P 4 


after intergation by parts, where the operators Pi, P 3 , and P 4 denote 


; 




(0) 


2 i 


f 


1 ( 2 ) n(*^) 


P 3 = pf Pi°) + =- + r?[a, •] 1 - (Pr-=r + ^?[a,-] iPr, 


2 i 


P4 — dPjP^ -|- ( P| 


/ 

1 ( 2 ) 2* 


)( 2 ) 


2 i 


)( 0 ) 


/ 


+ 9 [(P, ■] 


/ 


Integrating over the remaining r), and r), and combining the resulting determinant with (82), 
we obtain the one-loop contributions from the fermionic helds of the gauge multiplet. 


Pet 


( 1 . 0 ) 


7I—loop 

^V,F 


with Pet( 0 , 0 ) 


Pet 


(0,0) 


^^ 6 t(o,o) 

'Pi 0 

P 2 -D 4 

i(0) 


- 9 [fF, •] 


p 


(0) 


p(2) 

l(2) , 2i 


Dr + f-9[crr]J\ 


'P® - g [a, •] 


P 


( 2 ) 


P 


(0) 


-Dq^ + T-9Wr] 


■Vet 


( 0 . 0 ) 


Pi 0 
P 2 -D 4 


evaluated to give 


- g [a, 

X Pet ( 0 , 0 ) 


Dl^'^ + ^ + g[a, •] 1 TPh^^P 


2 i 


1 ( 2 ) r^{0) 


4P.-P. 


/ 

P* - 4 + 9 19, -I) (P' - ^ - 9 k, ■] I + 


2 i 


/ 


2 * 


/ 


1 ( 0 ) 7~)(2) 
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The determinant 


Vet 


( 1 . 0 ) 




D 


( 0 ) 


noting the relation 


D 


( 2 ) 


+ f-9Wr] 

1 


+ ^T-9Wr] -K’ - 9 [c^, •] 




is evaluated to yield 
(Pet(i^o) 


Pet 


D''o' - f + 1 ? [c^, •] 

—=^Pet(i^o) 


( 1 . 0 ) 


+9 •] 


-{Dj^^+g[a,-]){D^o’-9[<T,-])-D^-’D 


( 0 ) 


l(2) r-)(0) 


(83) 


Since the determinant of an operator is the same as the one of its ajoint operator, it follows that 


^ 6 t(i_ 0 ) 

(Pet(i,o) 

(Pet(i,o) 


- (P® +9[<T,-])( D^o’ -9W,-])- = Ve^o,!) [Aq] , 

= Pet(o,i) 


)( 0 ) 


l( 2 ) r^(0) _ 


J2) 2 * 


Do -j±9[(^, 

Dq^ ± 9 •] 


Pj + j±g [a, 


= Pet 


(0,1) 


± 9 •] 


Using them, (83) may be rewritten as 


Pet 


( 0 , 1 ) 


Pq ^ + J + S' [cr, •] 


Pet 


(0,1) 


+9 •] 


■^^et(o,i) [Aq] . 


(84) 


For the determinant 


Pet 


( 0 , 0 ) 




( 2 ) 


P 


( 0 ) 


-Do^ + A - ^ [a, •] 


using the formula 


P 


( 0 ) 


^0°^ - 9 •] D^o^ -t-9[(^,-] 


D 


( 0 ) 
+ ’ 


and the relation of the determinant of an operator with that of the adjoint operator. 


^^et(o,o) 

(Pet(o,o) 

(Pet(o,o) 


- ( P’ - 2i^ - g [a, ■] ] { Dii‘’- 2^-+ g [.r, ■] I - B 


( 2 ) 


■)(o) n(^) 


— ’Pet(o,o) [A_2] 


Dq^ -J±9W, 


2i 


= Pet 


± 9 •] 


= Pet 


( 0 , 0 ) 


( 0 . 0 ) 

)( 0 ) 


pj + J±g [a, •] 


± 9 W. •] 


we can see that it is reduced to 


^^et(o,o) 

- 9 •] 


^^6t(o,o) 

+ J-9 •] 


YPet(o,o) [A_ 


(85) 
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Substituting (84) and (85) into Zyp°°'’, we obtain 


7^et(o,i) 

^0 

+ J + S' + •] 

7^et(o,o) 

Do + J-9 •] 

T’etio,!) [Aq] 

7^et(o,i) 

+9 •] 

7^61(0,0) 

Dq^ - g [a, •] 

7^et(o,o) A- 2 ] 


^^et(o,o) [-Di] 'Det(o,o) [-D4]. 


With the same argument about the adjoint operators, we can show that 


^et(o,o) [-Di] — 'Det(o,o) 


-j + dW,-] 


2i 


a 


( 0 ) 


g[a, •] 


^et(o,o) [-D4] — ^^et(o,o) — ^-2], 


and using this, the one-loop contributions Zyp°°^, and Zpp from the gauge multiplet are 

summaried to give 


1 ) 

—loop ry / 7 I —loop ryl — \oop ^ ' 

Dq + j + S' + •] 

7^ct(o,o) 

T^r - 9 •] 

1861 

Zjy — Zpp^v.B ^V,F ~ 

7^et(o,o) 

Dq ^ + j + S' + ■] 

7^61(0,1) 

T^r - 9 •] 



The determinant Vet(k,i) can be evaluated by using the basis {hn,m,k Z) v <Z) hn^rn,k Z)V<S) Hi}, 
for V running over all the basis vectors of r 2 *^^’^)(S), the set of all (/c,/)-forms on S, upon regarding 
as a linear space. Here, hn,m,k {n,m = 0,1,2,-•• ;/c = 0,1, • • • , n-|-m) denote scalar 
spherical harmonics on the S'^ (See Appedix G.5 for more details) and obey 




0 

n 


ox 


r \ d(p J r 


h 


n.m.k 


i{n — k) ^ i{m — k) 


^n,m,k’) 


(-2) 


'0 


T j, j 


i f.0 \ i f .d 

- I + 1 1 + V ( + l 

OX 

i{n — k + 1) i{m — k + 1) 


r \ dip 


h 


n.m.k 


h 


n,m,k' 


On the basis^^ Z) v Z) Ea}, the determinants in ^l-loop 

are computed to give 

E>et(^k,i) 


00 m+n 


[^, •]] = n n n 

o€A n,m=0 k=0 


i(n — k) iim — k) , , 

^^ ^ ^ -9 {cT-a) 


Vet 


{k,i) 


V 


(- 2 ) 


+ 2 *^ + g [a, •] 


00 m+n 

n n 

aSA n,m=0 k=0 


i(n — A; -|- 1 ) iim — /c -|- 1 ) . , 

-1-z- \- g\cr ■ ot) 


where the determinant det(fc^i) is dehned over the space 
Taking account of (72), we can simplify ^v, 


Zv = 


00 m+n 

n n n 

aGA n,m =0 fc =0 


i{n—k) i{m—k) 


+ g[a-a) 


i{n—k-\-l) I i{m—k+l) 
r ' f 


+ g{a-a) 


n n 


-V-f+9(‘^'“) 


ixl!:) 


n 

aGA+ 


ogA n,m=0 

.1 

iw + ( ^ + + (a • a) 


i{n-\-l) I i(m+l) 
r ' r 


+ 9 {a-a) 


00/9 

n 


n=l 


will again omit the contributions from the basis vectors ipi^m,fh ® v ® Hi to the determinants, as done for the 
squashed S^. 
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Furthermore, from the formula 


— sinh TTX = X TT ( 1 H-] , 

TT V j 


m=l 


it follows that 



In the round limit r —)■ r, recovers the result for the round in section 8. 


(87) 


9.2 One-Loop Contributions from the Af =1 Hypermultiplet 

Let us turn to compute the one-loop contributions from the hypermultiplet by localization. 

Since the BRST transformations of the scalar helds ih, W of the hypermultiplet are independent 
of the background helds, they are the same as for the round and squashed F^’s; 


5qH = 0, 5qH = 0, 5qH^ = 




, SnH' = 


K. 


2^/2 ’ ^ 2^/2 
The BRST transformation of the fermions in the hypermultiplet is given by 


hx = 


SqT] = - 2\/2V^H, 6qk = 0, 

SqX = -V2i 

5Qfj = F‘^1 + 2\/2V^H, 6 qR = 0, 

and its hermitian conjugate by 


a, H 




Sq^ = V 2t (F^r^e) 


{Ar^e) + g [a, H] + jH , = -V2t {F^r^e) 




O', 


iLt 






(Ar^e) - g 

{5Qg)^ = -F\ - 2V2V,H\ {6 qk)^ = 0, 

{6qx)^ = V2t {Ar^e) - g [a, H^] 

(Sgri)^ = F\ + 2V2V,H\ {Sgk)^ = 0. 

Using the BRST transformation of the auxiliuary helds F^ 2 , -^^ 2 , 


(<5gO^ = -\/ 2 * 






^qF\ = X 


= - 


(e'^V^e) V^-^'^mX - (eV™e) - g [a, g] + jV - 2 iV,k 


{F^r^e) - (eV^^e) - g [a, fj] + jV - 2zV 























where we have omitted the terms g [ 0 *, on the right hand sides of both the equations, 

because their contributions vanish in the large t limit, we find that 


Sq (' 5 <JX)' = ^ 


{e*T"'e) ft - g |cr, ft] - jK 




Sq (Sqi)' = - 2 1 + g 




Sq (Sqx)^ = - ' 


(eV™t:) - g K ft] - jK 


t 


= 0 , 

'5Q(«)" = -^(£*T”£'=)®<')„ft, 

i^Q^y= 0 - 


i^QVy = 2 I (e'^V^e) - (eV"*e) + g [a, 

The system of {H, y, fj, k, F^2) is identical to the one of {H, iJl, y, g, k, F'^2), as we have 
seen for the squashed case in subsection 8.2.1. If the former contributes the one-loop determinant 
^i-ioop partition function, both of the systems contribute Therefore, we will focus 

on the former system only. 

From the fermionic part of the systerm (II, iJl, x, g, k, F^ 2 ) of the regulator action Sq, 

- [ x/gd^x \6 q (dqxy -X + Sq (Sq^^ ■ ^ + 5q (dgl])^ ■ V + 5q • k 


y/gd^x 


(etr-e-^) - (eh^e) - g [a,.] - j j [g ^ 


As we have done in subsection 8.2.1, for four differential operators Di,--- ,Di, we have the 
formula 


Pet 


( fc ,0 


Di D 2 


D 3 P 4 

for an invertible Pi. In the above case, we have 


= 'Pet(fc,z) [Pi] 'Det(k,i) 


D4 — D3—D2 
x>i 


Pi = (etr™e) - g [a, •] -j, P3 = {eh^F) 

which both act on the spinor k of negative chirality on S and of charge q = 1. Using (107) in 
Appendix G. 5 , we can identify the operator P'l, 

P3P1 = (eW)P«„ {e^T^e)V^^^m-g[<y,-]-j 

(etr™e) ^ [a, •] + 1 (etr^e^) = D'.D^, 


and obtain 


Pet 


( fc ,0 


Pi P2 

P 3 P 4 


dlGt[k,l) [-^l] r n' n n n 1 

— -^Pet(fc,z) [P 1P4 - P3P2J • 

Pet(fc,z) [PiJ 


We thus find that 


— ^^t(o 1 ) [A^b^] 


AA=11 



(eW^e) - g[(T,- 

1 

1_1 

^et(o^i) 

(etr™e) PAb^ - g [a, 

]+) 
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where the differential operator denotes 




- P<-‘)„ - 9 [ff,.] + A Av'-f) + 9 [a, ■] + A 

- (€tr"*£') ©'■>„ (e'V'-e) 

With the same reason as in subsection 8.2.1, we can show that 



(eV™e) - g[a,- 

1-7 


(eW^e) - g W, 

1 + 7 


= 1 , 


and it follows from this that 

zyop = [A^CS*] . 

In the bosonic part of the system {H, W, x, V, ^^ 2 ) of the regulator action Sq, 

- j {5qx)^ ■ 5qx + (( 5 q 0 ^ ■ + {Sgriy ■ dgfi + {5qR)^ ■ 5qR , 

we will immediately integrate the auxiliuary helds out, and integrate the remaining part of the 
action by parts to obtain 


-2 J 


and see that the one-loop determinant from the bosonic fields of the system {H, W, x, R) is given 
by 


/7I—loop _ 

^H.B 


Therefore, the contributions from the hypermultiplet to the partition function are trivial; 

(zy'“p)" = = 1 . 

In the round limit r —)■ r, the contributions from the hypermultiplet reproduce the previous results 
on the round about the hypermultiplet in section 8. 


10 Summary and Discussions 

In this paper, we have seen the effects caused by changing the twisting and by deforming a round 
3-sphere to a squashed and an ellipsoid 3-spheres on the partition function on the round S^, which 
was computed in the previous paper [1, 2]. 

We have discussed the two kinds of twistings - the Af = 1 twisting and the Af = 2 twising, the 
former of which breaks the Spin{5)R symmetry group to U{l)r x SU{2)i, which is the subgroup of 
SU{2)r X SU{2)i ~ Spin{A) C Spin{5)ji, while the latter breaks the Spin{5)R to U{1)r x SU{2)j^, 
which is the subgroup Spin{2)^ x Spin{3)j^ of the SpiniAjR. In the Af = 1 twisiting, the only 
supersymmetry transformation with the parameter e" is preserved, and in the Af = 2 twisting, the 
ones with both e" and e" are available. 
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The change of the twisting affects on the spin content of the J\f = 1 hypermnltiplet, when 
the Af = 2 gange multiplet is viewed as the sum of the J\f = 1 gauge multiplet and the AT = 1 
hypermnltiplet. 

In all the cases we discussed in this paper, the classical action, iSd which is the value of the 
off-shell action (56) at one a* of the hxed-points, can be compactly written down^® as 

5ci = A A i J Fl^ a* dx'^ A dx^, 

in the zero-area limit of the Riemann surface S, where 1// is replaced by f/'^r for the squashed S'® 
and by 1/r for the round S'®. Recall that a® is a constant at the hxed point, and notice that the 
scalar curvature R(S) of S disappears in the mass parameter AAfj- The integration in the prefactor 
can be easily done to give 



A A e® 


{ (27rr)2 
(27rr)2 
(27rr)(27rr) 


for the round S'®, 
for the squashed S'®, 
for the ellipsoid S'®. 


Therefore, combining the classical action iSd with the one-loop contributions = Zy 

we obtain the partition function 

^^3 = n / da® exp [5d] 

m i=l 


where the intergers are the ‘monopole’ charges, which will be explained below for, just for brevity, 
the gauge group G = SU{2). 

In the Af = 1 twisting, we have seen that the one-loop contributions from the hypermnltiplet are 
trivial to the partition functions. 


/7I—loop 


1. 


Furthermore, on the squashed S'®, the one-loop determinants from the Af = 1 gauge multiplet 
remains the same as on the round S'®, when we replace r by f. In fact, the partition function 
for the squashed S'®, 

n / zy"^°°pzH"'°°'’=n / n 

m 2=1 m 2=1 a€A4- 

is reduced to the one for the round S'®, in the round limit f ^ r. 

More specihcally, let us take the gauge group G to be SU{2), and then the generators {H, E±} 
obey 

[H, E±] = ±V2E±, [E+, E_] = V2H, 

with our normalization, implying that the positive root a = \f2. In our convention, we have 

/* 27r 

/ F45 dx^ A dx^ = —\/2m, 
is 9 

^®Recall that upon the localization, we rotated E iE and shifted — iF45 — as discussed at the 

begining of section 7 . 
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where m, which was refered to above as the ‘monopole charge’, runs over all the integers. Substituting 
it to the classical action iSd, we see that the path integral gains the contributions only from the 
conhgurations 


1 9 

a = 


for n G Z. 


\/2 (27rr)2 

Therefore, the partition function on the squashed is turned to 


■^squashed 




2 lq 


x(s) 




X(S) 


72=1 


with q = e 5 ’^/( 27 rr)^ where the character Xn{q) is defined by 


n n 



Especially when we consider the round and replace r by r in the above result in 

the previous paper [1] is recovered; 


^Af=l _ 

round 


q2 - q 2 \ ^ [Xn{q)] 


x(S) 


72=1 


( 88 ) 


with q = and we can see that it is consistent with the super conformal index computed 

in [3]. Using the 2{g — 1) structure constants and 3{g — 1) propagators in [3] to compute the index 
for the surface S of genus^® g (therefore, x(^) = 2 — 2 g) with no punctures, one obtains the above 
^round factor^°. In the review article [35], it has been elucidated^^ that the discrepancy is 

attributed to the difference of the renormalization prescriptions used here and there, and that it can 
be improved by the requirement of the S-duality (a.k.a. the bootstrap). 

From the point of view of the number of supersymmetries, this result seems puzzling. The 
partition function computed under the M = 1 twisting is supposed to be the index of a 

four-dimensional M = 1 supersymmetric theory, while the index in [3] was computed for a four¬ 
dimensional Af = 2 super conformal theory. In [20], the super conformal index of of A/" = 1 class S 
hxed points has been calculated in four dimensions. Among their results, the mixed Schur index 
carrys two fugacities p and q in their notations. When we take p = q, the index takes the same form 
as the Schur index of the N = 2 hxed points given in [3]. 

The partition function ^^,^shed squashed S'^ is essentially the same as on the round 

S^. However, the partition function on the ellipsoid is deformed from the one on the 

round S^. 


ZeUptid = /<;<r‘exp|sdzy‘“''zy‘“'' 

m i=l 

r „ 

= / dcr* exp [iSci] [2 sinh {jirg (a • a)) -2 sinh {jifg (a • a))] . 

m i=l aGA+ 

^®This g is not the gauge coupling constant g. 

^°In the terminology of [3], the factor is given by 
^^We thank Yuji Tachikawa for elucidating this point. 
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This is a similar situation to the three-dimensional case in [21], As we have done just before, taking 
the gauge group G = SU{2) and summing over the monopole charge m, we can see that the only 
conhgurations 


1 9 

y/2 (27rr)(27rr)^’ 


for n ^ 7t 


contribute to the partition function, and therefore the summation of n over intergers yields 


•^ellipsoid 



p2 — p 




, 


n=l 


where q = and p = It is also consistent with the mixed Schur index^^ of A/" = 1 

rank one class S hxed points in [20], up to an factor from the renoramlization mentioned above. 

Let us turn to the M = 2 twisting. On the round we have seen that the hypermultiplet 
contributes the same one-loop determinants to the partition fucntion as the M = 1 gauge multiplet 
does. Deforming the round S'^ to the squashed we have observed that the one-loop contributions 
from the hypermultiplet are deformed by the deformation paramter of the S^. 

In fact, in the partition function -^^,jashed squashed 

m i=l 


we have seen that the one-loop contributions Zh are given by 


^2sinh (Trr^f (a • a)) j Sb=i \^i - 2i—- fg {a ■ a)j Sb=i {^i - 2i—+ rg {a ■ a) 

aGA+ ^ 


H k(S) 


Therefore, for the gauge group G = SU{2), upon summing the magnetic charge m over intergers, we 
obtain 


with q = e where the double sine functions may be rewritten as 


yj \[=2 

“^squashed 


= 2[q 


q-^) 2^ 


2 / T' 

(Xn(q)) Sb=i ( * - 


dTT^r 


n Sb=i 


,r 


dvr^r 


n 


^b=l 



^b=l 



2 \ 

4 ^ y = n 

/ m=l 


(m + l-2g) +[S-f^) 


and in the round limit r ^ r, they reduce to 

-9"^) •Xn(g) , 

with q = When recognizing Xn{q) as the g-deformed number^^ [n\g, we may regard the 

square root of the double sine functions as a deformation of [nj^. 

^^More specifically, our result corresponds to the case with h = I 2 in their notations of [20], and to the W = 1 twist 
in [16], as may be seen from the background i?-symmetry gauge field. 

^^This definition of the g-deformed number [n]q slightly differs from the one in [1] by the factor l/{q^ — q~^)- 
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We thus find that the partition function on the round is given for G = SU (2) by 

Z^und = • «)) ] 

m 

= 2 )j=v(=), 

n=l 

This result suggests that the partition function does not corresponds to the Schur limit of 

the super conformal index discussed in [3]. We expect that it gives another simple limit of the 
superconformal index of AA = 2 rank one class S fixed points, where the index can be calculated by 
the two-dimensional g-deformed Yang-Mills theory but with the measure [2sinh (vrrg (a • a) 
squared. 
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Appendix 


A Our Conventions of (Anti-)Syninietrization of Indices and 
Differential Forms 


The convention of the antisymmetrization and symmetrization^'^ may be seen from 


— AyB^, 


X^^Y,)=X^Y, + X,Y^. 


However, for the six-dimensional gamma matrice (for the definition of them, see the next appendix), 
we define 


_ _p[apy 

2 -’ 


1 1 

p ai---an _ _p[aip a2-"an ] _ _p[aipa2 _ _ _ 


n n\ 

For the five-dimensional gamma matrices, is defined in the same way. 

For an n-form A^ in six dimensions, we define 

A = A dXiti A • • • A dX!^n = 1 A • • • A 

nl - nl - 


where X^ (/^ = 0,1, • • • ,5) denote the local coordinates and E- (a = 0,1, • • • , 5) are the sechsbein 
one-form. We also define the Hodge dual of the form A^ by 


* A„ = 


(6 — n)! \_n\ 


_p , , A bi---b 

I (l±'"(lQ—nOi'"On - 

n\ - 


^-1 A • • • A ^-6-", 


with £oi- -5 = 1- Because of the property one may define the self-dual and the 

anti-self dual parts, respectively, of a three-form ^ by 

ids = 2 (^3 ± iiis) = 

We dehne the external derivative dA^ of the n-form 


dA„ = ^ d,,^ A • • • A ^ dXi^^ A • • • A 


n\ 


I -Mn+l 


(n -M)! /"2-Mn + l ] 


For an n-form a in five dimensions. 


a = \ A • • • A dx^" = ^ aai...a„ • • • A e“", 

n! n! 

similarly, the external derivative da and the Hodge dual *a are 

1 


da = 


*a = 


(n -h 1) 


^[Mi«M2-Mn+i] dx^^^ A • • • A dx^^+\ 


_ _P 

(5 — n)l [_n\ 


b\ •••bn 


A • • • A 


^^The reference [25] gives weights to each of the terms on the right hand side; for example, = (l/2)(T^i3i^ — 

A,B^), = (1/2)(XW. + WW)- 
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B Gamma Matices of the 6-Dimensional Lorentz Group 


We define the six-dimensional gamma matrices £- (a = 0,1, • • • ,5) such that they satisfy 

with Ig the 8 x 8 unit matrix and the Lorentz metric (rj—) = diag.(—1, -|-1, • • • , +1). While only 
is anti-hermition, the others are hermition. 

The chirality is defined by the matrix 

p7 ^£0£l...£5^ ^ Ig, 

and it enjoys the properties 


_ _^ai-'-ag j^7 -^ abc __ ^abcdef p j^7 

— — 7 — — 5 


(89) 


(90) 


with the convetions = —1 = +!)• 

The charge conjugation matrix C is a unitary matrix satisfying 

= e. (n)^ = 

with T denoting the transpose of the matrices, and thus (T j = — CT C~ . 

On the reduction along the time direction from the six-dimensional Minkowski space to the 
five-dimensional Euclidean space, where the gamma matrices are five 4x4 hermitian matrices 7 “ 
(a = 1, • • • , 5) satisfying 

{7“,7‘}=2'5“‘l4. 7‘---7'‘ = l4. 

with I 4 the 4x4 unit matrix, we define 

r» = I 4 ® .r, = ^ 1;) . r = 7” ® r, = r = u ® r, = 

for a = 1, • • • ,5, with the Pauli matrices ri, T 2 , rg. 

The property (89) is reduced to 

^abcde ^ ^ ^abcde^ 

5! ’ 

with £^2345 ^ ^ 

The six-dimensional charge conjugate matrix C_ is related to the hve-dimensional charge conju¬ 
gation matrix C by 

and one can see that the charge conjugation matrix C enjoys the properties 


= -c, 

(7.f 

= CjaC-\ 

(C'7“i ■■■“"), 

( 7 “'- 



It follows from them that 
= -(- 

A more explicit form of the hve-dimensional gamma matrices 7 ^ takes 

7 “ = ra< 8 )r 2 , (a = 1,2, 3) 7 ^ = l 2 ( 8 )ri, 7 ^ = I 2 (g) rg, 

with the charge conjugation matrix C = Cg (g) I 2 , where Cg = iT 2 - 
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C Gamma Matices of the i?-Symmetry Group Spin(5)/2 


We give the explicit form of the gamma matrices of the i?-symmetry group Spin(5)R 

pi = r^(8)r^ ^ ^ = pS ^ 1 ® = pi... 

with the Pauli matrices ri, r 2 , rs, satisfying that 

where /, J run from 1 to 5. We use them to define 

n\ 

with ^12345 ^ 

We also explicitly give the charge conjugation matrix hi of the Spin(5)ij 

hi = iT2 0 1 = —hl^ = —VF, 

where VF is the transpose of the matrix hi, which satishes 

hl(p^)^hl-'=p^ (J = l,2,---,5). 


It follows from these properties that 


(hlp^--^")" = -(-)^ (hlp^--^") , (p^--^"hl-')" = 






Given the components 

hl=(hl„^), hl-i = -(hl“/'), (a,/3 = l,---,4) 

one has 

hl“^hl^^ = 5^p. 

The index a of a spinor e“ of the Spin(5)ij is lowered by hi as 

e„ = e^hl/ 3 „, e“ = hl“^e/j, 
and this convention is consistent with 


hl"3' hl^^hl^5 = hl“^. 

Since the components hl„^ are real, 

(hl„^)* = hl“^ 

where ^hlc^j denotes the complex conjugate of hlc^. 

The Fierz tranformation of two matrices (Mq,^), {Nap) 

(Mhl-'iV) + (Mp^hl-'iV) (hip,) (Mp^^hl-'iV) (hlp,j) ^p 

may be useful to verify some of the calculations in the text. 


Map N^5 — 


77 






C.l Spin(5)i? 


> Spin(4)i? ~ SU{2)i x SU{2)r 


A vector (/ = 1, • • • , 4, 5) of the Spin(5)ij group is decomposed into irreducible representations of 
the subgroup Spin(4 )r as one vector u* (i = 1, • • • , 4) and one singlet v^. A spinor -0“ (a = 1, • • • , 4) 
of the Spin(5)ij group is decomposed into 





(d = 1,2; d = 1,2), 


with '0“ in (2,1) and -0" in (1, 2) of the SU{2)i x SU{2)r ~ Spin(4)^ group. 
The gamma matrices of the Spin(5)ij group are reduced into 


P-=i,. T. 




5 _ M-2 




where 


(<t‘) = (-»V, 1) = (<t‘) = (iV, 1) = 

with r“ (a = 1, 2, 3) the Pauli matrices. The matrices a\ (i = 1, • • • ,4) obey the relations 






a ^5 = a '5, cr = e' 

tr [a^a^] = = 2(5*T 

The generators of the Spin(4)ij group in the spinor representation become the direct sum 
1 / — (T-^d* 




crV-^ — (J-^cr* 


i = l 

a- \ 

1 - 1 





obeying 

For example, one has 


ij _ _\rijkl 


ij _ 


cy-‘ = --e^ akh ^ <^ki- 


^12 ^34 


.12 34 


a = a = IT , a = —a = tr 
The charge conjugation matrix gives 




tT2 


= 


.ap 


-IT2 


^0/3 , 


IT2 


_^«/3 


-IT2 


with £12 = = 1. 

The spinor indices d, d are raised or lowered as 


r = r = £“^5- 


’ 
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D Symplectic Majorana-Weyl Spinors 


For a six-dimensional Dirac spinor ijj, we define ip = In six-dimensional Minkowski space, 

the symplectic Majorana condition on an even number of spinors can be imposed. In our case, all the 
spinors in the Weyl multiplet and the tensor multiplet of the supergravity carry the spinor indices 
of the Spin(5)i{ symmetry group, and the dimension of the spinor representation is four - an even 
number. Let us take one of such spinors, say and it obeys the symplectic Majorana condition 


and the other spinors in the multiplets obey the same condition. 

In the Minkowski space, the Weyl condition and the symplectic Majorana condition 

can be imposed on spinors at the same time. In fact, all the spinors of the multiplets are symplectic 
Majorana-Weyl spinors, and also so are the parameters of the supersymmetry and the conformal 
supersymmetry transformations, as explained in the text. 

After the dimensional reduction, the spinors in the supergravity multiplets give rise to symplectic 
Majorana spinors in the hve-dimensional Euclidean space. If "0” is a symplectic Majorana-Weyl 
spinor of positive chirality, it takes the form 


r 





and is reduced to the symplectic Majorana spinor obeying 

ir)'= 


(91) 


in the hve-dimensional Euclidean space. If it is of negative chirality, one can see from 



that ip^ also obeys the same condition (91). 

It is convenient to introduce the notations for the conjugate of a hve-dimensional spinor e" 


and the abbreviation of the spinor bilinear 

of two hve-dimensional spinors e“, 

The Fierz transformation of hve-dimensional spinors e", 77 “ gives 

{ef^Cr) I 4 + 7a - ^ lab 

and the following formula is repeatedly used in the calculations in the text: 

(e-7) + (e-p/7) + (e • 7 “^) 


r7“e^-eV = -- 



+ (e • P/7“7) 7a + I (e • P/j7“'’p) lab 
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The following abbreviation for the bilinears of spinors (2, 1) and A“, e“ in (1, 2) of the 

SU{2)i X SU{2)r -R-symmetry group is used: 

■ip ■ '“”X = ■ (<p“f 

’P ■ “"A = 


t Il---I2n+1 I X - -1271+1 J 0 Y J I X 1 


e ■ a, 


..-»„7“"-“”A = ■ («“) C7« “"A'’, 

For the spinors e", the Fierz transformation 


e^r]p = e^7]^Ce^^ = 


{V0 e“) U + (h/37“e“) 7a-- (h/37“'’^“) 7ab 


is also useful to verify computations in the text such as the algebras of the supersymmetry transfor¬ 
mations. In particular, we have often made use of the formula 


r] Sp-e f]p 


{e ■ r]) 5^p -f {e ■ Yv) 7a + x (^ ■ (rij7‘'’'v) 7ab 


E The Supersymmetry Condition from the Spinor 


7 


One of the supersymmetry conditions which the supersymmetric backgrounds in the hve-dimensional 
supergravity should obey is the requirement that 6x'^^'y{'^P^) p^ should vanish. It yields the condition 


- -G^Vab ( Vj) 


e^-2 


4 

So: 

+ ^M^J (Op-^) ^s(P^ + t\bf^cd {^pj).yS - F tjabt'^cd (Op^) 


t\bt'^°'^ iP-Pj) 7<5 — -Pabtp^ i^P^) 7<5 


15 
8 

+ 5 

2 

+ 5^ 

8 

5q: 

3 

10 a 
4 


7^ 


7ee 


V°'t\b^-yS — -r'l^'^t^ab {^P\) -yS 




(Op^)- Vt^Skl 


7“e^ 


abode 


bc^'yS at be (^P j) 7(5 


7de^ + 


10 


Fab'^ Ppj) 7<5 ~ 2 Fab^^ {^P^Kl) y& 




GadbPyS — T Gptjbc (Op^"^) ^5 


- 


12 


tPcPb Ppj).yS - P^aePb"" {^P^Kl) 


7(5 


7«75 


GabSP (Op-") .,5 - - GabSKL y& 


^ab^S 


5 


tPbSxL 7<5 — -t^abSlJ {Vtp^ k) yS 

— ^tjabSxL yS — -PabSP^yS + -t^abSjK {^P^'^) yS 


= 0 . 


(92) 


Here, for convenience, we will write once again the covariant derivatives and the held strength 


Ff,tPb = d^dab - b^tPb + PP a"" tPb + PP b" dac “ t\b, 

F^Sjj = d^Sij — b^Sjj — Skj — A^P Sjk, 

FPj = dpjj — duAP — A^p APj -+- AJk APj. 
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F The SUSY Transform of the Mass Term of the Scalars 


When the interested readers attempt to ensure the supersymmetry invariance of the actions L and 
S in sections 3 and 4, respectively, it may be convenient to show how the mass term AiBij<P ^in 
the actions transforms under a supersymmetry transformation^®. 


6 I tr 


2 






20a2 






+—j (x ■ Pi^) 


(93) 


The two last terms on the right hand side of (93) depend on j and R{yi). If they are given in 
terms of the backgrounds S'/j, Gab, at, they may cancel the supersymmetry variation of the other 
terms in the actions. In fact, this is the case, if one uses the supersymmetry condition (92) and the 
Killing spinor equation (7), as will seen below. 

Using the supersymmetry condition (92), the term 





on the right hand side of (93) can be straightforwardly replaced by terms depending on the back¬ 
grounds Sjj, Gab, ab' 

The commutation relation of the covariant derivatives gives 

[®a. T>,] 6" = - iF.," (p„) 

and on the other hand, using the Killing spinor equation (7), one obtains 
[Va, V,] e“ = 

= VaS^^ (pij) - ^VaG,ar^^^e^ " + l^at^a {Pl) 

2a 8a 2 

+3^-^ (Pij) ^pl^Vae^ - ^Gbcl^HVae^ - ^GbcYV'I^ae'^ + (pi) 

ZCL oQ. Z 

Comparing them, one obtains the formula 


--i ■ {^lpi)afstT 


= -tr 

20 


F KL/ 
r a 




ab ix • PiPKLX e) + 8 VaSKliX ■ pip - 4 VaGbciX ■ pn^(^) 

VaGbcix ■ pn'"'^Xd''e) +AVat\c{x ■ PipJl‘"^ld''3j + 8 Skl{x ■ PiP^^x'^T^ae) 
^Gbcix ■ Pir'^l^'Dae) - Gbcix ■ pn^VVae) +U^bcix ■ PiPiX'^V'I^ae))^ 


^®For the abelian case, we need to regard the matrices and x“ as 1 x 1 matrices and to forget the trace tr in the 
formulas here. 
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With the help of (7) once more, the last four terms on the right hand of the above equation yield 

—iSKliX • + i^Gbcix ■ 

5 5a 20a 

-^t\c4>'^iX ■ PjPll'“^Xd''T^ae) 

5 

= -^SjjSMN<P^ix ■ pKp^'^p’^^e) + ^iSjjGab(p^ix ■ pKp^'^x’^^e) 

2 2Ua 

• pKP^^pLl^^e) - 

-Y^Ga6t"cd0^(x • PjP/( 85“7“ + 6<5“'’<5'")e) 

+\it\bt\d(l>^{x ■ Pi^P/Pj(7“''^" + 5“'^7“ + 3<5“‘=<5'‘')6). 

Using these formulas, it may be more accessible to verify the supersymmetry invariance of both 
the actions L and S. 


G Round, Squashed, and Ellipsoid 3-Spheres 


A 3-sphere is given by the set of solutions of (xi, X 2 , 0 : 3 , 0 : 4 ) G to 

2 I 2 I 2 I 2 1 

+ X 2 + Xg + 0:4 = 1 . 


(94) 


If we describe it in terms of complex variables {z,w) G as z = X4 + ixs, w = X2+ ixi, since the 
dehning equaiton becomes |^P + |tcp = 1 , the two by two matrix 



w 

z* 


yields an element of a Lie group of SU{2). Conversely, any element of the SU{2) group may take the 
form of the two by two matrix in the fundamental representation. More explicitly, if we introduce 
polar coordinates (V', 0, 0 ) and identify 

w = sin , 

where 0 < -0 < dvr, O< 0 < 7 r, O<0< 27r, the equivalence of the 3-sphere to the Lie group 
SU ( 2 ) is understood by the mapping 





g 2 g 2 g 2 hxi — 




with the Pauli matrices (a = 1, 2, 3) 


Tl = 





(95) 


This is a convenient parametrization for a round and a squashed S^, as will be seen soon. On the 
other hand, for an ellipsoid S^, we use another set of polar coordinates (0, y, 9) as 


2 ; = cos 6 *, w = sin 6 *, 
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where 0 < < 2tt, 0 < x < 27r, 0 < 9 < 7r/2, and therefore, the former coordinates are related to 

the latter as 


former 


= 29 


latter 


5 4^ Iformer X) |latter 5 "0 |former X) llatter 


The mapping U gives the vielbeins /im^ (m = 1, 2, 3) on a unit round sphere, 


= 




a=l 


U-^dU 


= n 


sin 9 cos ^|Jd(j) — sin ipdd 


+ T-2 


sin 9 sin ^|Jd(|) + cos 'ipd9 


+ T-3 


COS 9d(l) + (i'0 


In terms of the vielbeins, the metric of a round sphere of radius r is given by 


ds^ = —r^tr 




= r 


,(o) 


(0) 


9^1 I + (/^2 ) + (/^3 


,( 0 ) 


— + (h'2)^ + (p- 3 )" 


with /im = {m = 1, 2, 3) and the spin connection. 


( 0 ) _ ( 0 ) _ 

r 


for m,n,k = 1, 2, 3. The coframe {m = 1, 2, 3) is the inverse of the vielbein /i^- 

The isometry group of the round sphere is S'0(4) ~ [SU{2)j^ x S't/(2)^] /Z 2 , and it acts on the 
matrix U {'ip, 9, (f)) as 

U{ij,9,(j)) gL-U{'ilj,9,(j)) ■ 

for g^ G SU{2)^ and g^ G SU{2)j^, and one can see that the vielbeins are transformed as 


/i 


(0) 


^ 9r ■ ■ 9r ■ 


G.l Killing Spinors on a Round 3-Sphere 

The Killing spinor equation on a round 3-sphere is given by 

(d + (96) 

When e satishes the Killing equation, the spinor C^^e* gives another solution to the equation. One 
solution to the equation is a constant spinor eo; de^ = 0. 

Another Killing equation 

is rewritten into 

de = = —U~^dU ■ e, 

which is solved by e = U~^eo, since one has 

d{U-ho) = -U-^dU ■ (U-ho) . 
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In the text, we make frequent use of the constant Killing spinor e = eo and its charge conjugate 
. We normalize them such that e^e = = 1, and then the Fierz transformation gives 

+ = l2. (97) 

We can make three Killing vectors eV^'e, e'^V™'e, and out of e and e'^; 

and they obeys 

'^m ~^mnk i '^m ~^mnk ) '^m ) ~^mnk ) ) 

where em„fe is the constant antisymmetric tensor with €123 = 1. From the norm of e and its Fierz 
transformation, we can deduce that 

(eV”^e) (eV™e) = 1, (eV”^e) (e"V’"e) = 0, (eV”^e) (eV”^e") = 0, 

(e"V”^e) (eV”^e") = 2, (e'V'^e) (e"V™e) = 0, (eV™e") (eV”^e") = 0, (98) 

and thus they span the three-dimensional space; 

(eV”^e) (eV^e) + ^ (e^V'^e) (eV^e'^) + ^ (eV™e") (e'^V^e) = 5™*", 

so that we can expand a vector in terms of the Killing vectors. 

Am = (eV^e) (eV”e) ^ (e'^V^e) (eV"e'') ^ (eV^e'") (e'^V'^e) A^ 

= (eV^e) Vo + (e'^V^e) V- + (eV^e'") I 4 . 

Similarly, the differential operator dm = is expanded as 

dm = (eV^e) (eV”e) dn + ^ (e'^V^e) (eV'^e'") ^ (eV^e'") (e'^V^e) dn- 

Since it satisfies the commutation relation 

2 

[^m) dA ^mnkdki 

r 

the covariant derivatives on a scalar held $ commute with each other, 

[Vm, v^] <F = [dm, dr,] <F + [Mr, " “ Mm "] ^k^ = 0- 

Using the properties 

(eWne) (e'^V.e) = (e'^V’^e) , (etr^e) = t , 

(e^V^e) (eV^e'^) = -2* (eV"^e) , 

we can deduce the commutation relations among the differential operators (e W^e) V„, [Ar^e^) F>„, 
and (e^V”e) V,, on a scalar held, 

[(eV™e) Vm, {eMe) 

= [(etr^e) Vr, (Vh^e) - (Vh^e) Vr, (Ar^e)] dm + {e^r^e) (e^V^e) [Dm, V,,] 

= —(^mnk (eV^e) (e'^V^'e) Vm = “^ (e'^V^e) Vm, 

[{Ar^e) Vm, {e^T-V) V,,] = —emnk (eV"e) {At’^A) Vm = -j (eh^A) Vm, (99) 
Vm, Vr,] = ~emnk {A\^e) {At\^) Vm = j (e^r^e) Vm, 
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Therefore, when we regard them as 


^3 = (eV"^e) V^, L+ = (e^V”^e) V^, L_ = -i"- [e^r^e^) V, 

they form the SU{2) algebra, 

L±\ = ±L±, [L+, L_] = 2L3. 


G.2 Killing Spinors on a Squashed 3-Sphere 


Let us turn to a squashed 3-sphere. In terms of the Hopf hbration of a 3-sphere, the circle hber in a 
squashed S'^ has the different radius r from the radius r of the 2 -sphere base, while r = r for a round 
3-sphere. The metric of the squashed is thus given by 






+ (h3°^) = (ei)^ + (62)^ + (63)^ , 


where Ci = 62 = and 63 = ffif\ 

Since the vielbeins are still invariant under the SU{2)i transformations, it shows that the 
isometry group S'0(4) is broken to [SU{2)l x 17(1)_r] /Z 2 . 

Here, we assume that f > r. Solving the equation Ae” = 0, one obtains the Levi-Civita 

spin connection 

The curvature tensor of the spin connection cu™"’ on the squashed 3-sphere 



R^r, = dw" 


-F Oj'^k A UJ^r 


is computed to give 


R\ = -e^^e^ + -(l--]e^^e^ R\ = -e^Ae\ R\ = -e^Ae\ 


and the scalar curvature 


R = Rn 



G.3 Gonstant Killing Spinors on a Squashed 3-Sphere 

The constant spinors e = €0 and = C 3 ”^e* obey 

(d + + 1 (1 - d j e,T3<“, 

respectively, with the spin connection on the squashed 3-sphere. Therefore, if we impose the 
condition 

Tse = e, Tse'^ = -e^ (100) 
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we may regard the second terms on the right hand sides of the above two Killing spinor equations 
as the background gauge held; 


d+-Umnr^^--: I - 


63 


d+-u^nT^- + ^{l--]es 


1 T 

6 = -|-6 T^6 


1 T 

e" = +-^e™r™e", 


2r2 


and we may further regard the gauge held as the i?-symmetry gauge held, when the spinors are 
embedded into a single hve-dimensional spinor. 

On the other hand, regarding the gauge held as a U{1) gauge held. 


we can see that the Killing spinors e and carry charge 1 and -1, respectively, and so obey 

i r 



1 

IT _ 


1 

Re = 

d + -UmriT + %V 

6 = -|-6 T^6 

T>e" = 

d + -UJmnT - iV 


= +--emT^e‘^. 


2r2 


It follows from the Killing spinor equations that 


[D^, Vn] e = 
[D^, Vn] = 


^Rmn '^kl i^rr. 


2 V r 


--(LV - L T> 

^ o 1 9 I ^mnk'^k^ o^mnk^k^y 


Rmn T~kl 


2 \ r 


r 'i f ^ \ r f' 

e = ' ' ' - ' 


^mnk'^k^ 9 fc^fc6 , 


where Vmn are the components of the held strength of the gauge held V, 


dV = A e” = -^ ( 1 - — 1 A 


Multiplying r™'"' from the left on both the left and right sides, we obtain 

2 


e = 3 -y 6, 




From the conditions (100), we take 




= 3 — eh 


e = 


Ir 


e" = 


V 


and the Fierz transformation of e and e‘^ remains the same as in (97). 

Three vectors eV”*e, e'^V^e, and eV”^e'^ are of charge 0, 2, and -2, respectively under the gauge 
held V, and obey 


^ 'Y' 'Y' 

Rm ~^^mnk ) Rm (6 ~^^mnk (6 'Tk^') ) Rm (6^Ty6 ^ ^mnk (6^T)j6 ^ , 

where the covariant derivatives contain the gauge held K as a connection according to their charges. 


They satisfy (98) and form an orthonormal basis 

1 
2 


(eV"*e) (eV"e) + ^ (e"V”*e) (eV"e") + ^ (eV™e'^) (e^V^e) = 5”^", 


















and obey the relations of the cross prodnct, 


(etr„6) (e'^V.e) = -i (e'^V’^e) , (eV„e) (eV.e'^) = z (eV"^e^) , 

(e^Wne) {e^ne'^) = -2t (e^r^e) . ( 101 ) 

We will denote the covariant derivative D on a scalar held $ of charge q under the gauge held V 
as 

The commutation relations of the diherential operators (eV^e) (e‘^V”*e) and (eV^'e'^) T>^‘^'>rn 

essentially remains the same as in (99), if 1/r is replaced by r/r"^] 

(eV^e'^) (eV"^e) = (eV"^e) (e^r^e^) + 2i^ (eV^e'^) (102) 

(e'^V^e) {eh^e) = {eh^e) 

(e"V"e) (eV”*e") ©("L = (eV™e") (e"V"e) 

+4i^ (eV”e) + qemnk (eV™e) 14fc, 

except for the last term on the right hand side in the last equation. 


G.4 Non-Constant Killing Spinors on a Squashed 3-Sphere 

Similarly to the constant spinors e = Sq and the spinor e = U~^eQ on the squashed 3-sphere 

gives the solution to the diherential equation 

(^d + e = - A |^2 - e^r™e + 1 (^1 - egTa e. 

However, the computation of the partion function with this Killing spinor would give the same result 
as with the constant spinor eo, and this Killing spinor isn’t used in this paper. 

As discussed in [22], there is another Killing spinor which is given by a Lorentz tramsform of 
U~^eQ. As explained in subsection 5.4, the slant periodic boundary condition is rotated to the time 
direction upon the dimensional reduction from the six-dimensional theory. The rotation induces the 
Lorentz transformation on the coframe e^. This is quite parallel to the three-dimensional stroy in 
[22]. Therefore, one obtains the Lorentz trasformed Killing spinors on the squashed 3-sphere with 
the supersymmetry background in subsection 5.4, which is hve-dimensional analogues of a three- 
dimensional Killing spinor given in the paper [22]. 

It has been discussed in [22] that the spinor e = with cosh,^ = f/r and sinh,^ = 

^/ir/rY - 1 is the solution to 


i r ^ 1 /r^ 

emT e 


1 e = ---e^T^e+-\l -- le^mne^r^e, 


2r2 




and its charge conjugate Cn ^e* satishes 


d+lcOmnT^A 1 (Cg-'c* ) - L A, - Iss^ne^r^iC^^e*). 


2r2 
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We have explained in snbsection 5.4 that the slant bonndary condition with the parameter u on 
the ronnd 3-sphere is transformed via the change of coordinates to the periodic boundary condition 
on the squashed 3-sphere with the hber radius f and the base radius r, as have been discussed in 
[22]. We have introduced the intermediate parameter ^ in subsection 5.4, which explicitly appears 
in the Killing spinors. It could be convenient to summarize the relations of the parameters u, ^ and 
the ratio r/r as 


cosh^ = - = ^ , 

r \/l - u 


sinh^ = 


u 


\/l — 


e ±«/2 ^ 




r -I- r 
2r 


± 


2r 


1 ± 4 


1 =F M 


G.5 Killing Spinors on an Ellipsoid 3-Sphere 

In order to obtain an ellipsoid following [21], we will deform the dehning equation (94) to give 

X 2 I /7>2 I 

1 -r ^2 I ^ ^^4 _ T 
^2 ^ ~ ’ 


with the flat metric 


ds^ = dx\ + dxl + dx\ -|- dx\. 


Substituting the polar coordinates 

z = Xii + ixs = cos 9, w = X 2 + ixi = re*^ sin 9, 
where 0 < (f < 27r, 0 < y < 27r, 0 < 6^ < 7r/2, into the metric, one obtains 

ds^ = 


where the dribeins are 


e^=r cos 9 dip, e^ = fsm9dx, = f{9)d9, 


with f{9) = cos^ 9 + sin^ 9. The coframes, which are the dual basis to the dribeins, are given 
by 


9, = 


1 d 


92 = 


1 d 


r cos 9 dip r sin 9 dx 

The compatible spin connection is given by 

1 


9,= 


1 d 

mm- 


^ 0, = 


23 


2 Qi tan 9 -I 


and the curvature tensor K^n = du'^n + A oo^n by 

A e^, A e^, ^ 

fioY fioY fioY 

and therefore one obtains the scalar curvature 

2 

























When r = r = f, the ellipsoid becomes a round one, and then spinors 


Q^ix—f+s) 


e = 


obey the Killing spinor equations on the round S'^ 


J , , ,ran^ 

Ci —OJ T-j 

4 


. _ ^-1 * ^ ^ /e 5(x e) 


mn I ^ ^ '^m^i 

2r 


j , , ,rnn^ 

ci -f- —OJ Tj 

4 


mn I ^ — r~v ? 

2r 


In order to keep these Killing spinors on the ellipsoid with r ^ r, turing on a background U{1) 
gauge field 

if 1 / ^ \ 1 / ^ \ 1 

(103) 


r = l 


2 [ rcosO \f 

as in [21], one can see that they satisfy 

De={d + + iV \e = —e^r^e 


r \ , 1 

^ - 1 + 


rsin6' \f 


^ - 1 e 


De" = ( d + 


4 J 2/ 

The use of the Killing spinor equations twice for DDe and DDe^ leads to 


i\^ I — _ P^T P^ 

mn I ^ n ' m^ • 


2 / 


li? _ ^ (104) 


where Vmn is the field strength of V, 




and the partial differential dmf is defined by df = e^dmf■ 

As on the squashed in subsection G.3, three vectors elr^e, e'^V’^e, and eV'^e'^ are of charge 0, 
2, and -2, respectively under the gauge field V. They obey 
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~j^mnk {J'^kC) i d-^m ~^^mnk ; d^m {J ) ~J^mnk {J'^k^ ) ; 

where the covariant derivatives contain the gauge field K as a connection according to their charges. 
They satisfy (98) and give an orthonormal basis 

(eV”^e) (eV”e) + ^ (e"V”^e) (eV^e'^) + ^ (eV™e") (e'^V^e) = d™*", 

and obey the same relations of the cross product. 


{Jr^e) (e'^V^e) = (e'^V^e) , {Jr^e) (eV,e'=) = t [eh^e^) , 

(e^V„e) (eV„e'=) = -2* {Jr^e) , 


(105) 


as in (101) for the squashed S^. 
More concretely, we have 


( (eV^e) , (eV^e) , (eV^e) ) = (- cos 6 , sin 6 , 0), 

( (e"V^e) , (e'V^e) , (e'V^e) ) = (sind, cosd, -i ), 

(eV^e") , (eVe") , (eV^e") ) = (sind, cosd, i ), 






and it implys that 


{eW^e) d^f = 0, 


(106) 


where dm is dehned such that d = e^dm- 

We will denote the covariant derivative D on a scalar held <h of charge q under the gauge held V 
as 

= dm^ + iqVm^. 

The commutation relations of the diherential operators (eV^e) (e‘^V”*e) and (eV™'e'^) 

slightly diher from (102) by the terms with the held strength Vmni even if r/r^ is replaced by 1//, 
and using (104), we will replace them by the terms including / to give 

(eV"e'=) (eV”^e) = (eV™e) + j (eV^e'^) + iq (eV"e'^) dn ^ 

2i 


(e"V"e) (eV”*e) = (eV™e) (e"V”e) - j (e"V”e) +ig (e"V"e) 


(e'^V'^e) (eV^e'^) = (eV^^e'^) (e'^V^e) 


(107) 


4? 


except for the last term on the right hand side in the last equation. 

Let us consider the scalar spherical harmonics in the coordinates (y, 6, ip) in the round limit f ^ r 
and set the radius to be unity; r = 1. The mapping from (y, 9, p) to the 3-sphere is 


JJ = ^idT2 g 5 (</ 5 -x)T 3 ^ 


and the SU{2)i^ x SU{2)-p^ isometry of the round 3-sphere is given by gi, G SU{2)^ and g-R G SU{2)^ 
as 

U ^ gL-U-g^\ 

The left- and the right-invariant one-forms are given by 

-U~^dU = (ri -F ira) e“(L) (n - ira) e+(L) + Tse^ih), 

% 

-dU-U~^ = (ri ira) e"(R) -h (ti - ira) e+(R) -f r3e^(R), 

% 

where 6“^), (a = -|-, —,3) play the role of the dreibeins, respectively. Their coframes which are 
dual to e^L r) , respectively, are 


= gT*(¥^-x) sin 0 + 02 cos 0 T idz ), = (^i cos 0 - 0a sin 0), 

0^^ = (—01 sin 0 -I- 0a cos 0 =f * 03 ), 03 ^^ = (0i cos 0 -|- 0a sin 0) 


Then, identifying these coframes as 


d d 


Li =-pel, L, = -pei = p[ — -i-]-, Li = pel, L, = pef = p[p + — 


nR 


2*"^’ 2*"'^ 2i \dx dp^ 

we can see that they form the Lie algebras of SU{2); 


2i 


2i 


d d 


2i \ dx dp 


[Ls, L±\ — ±L±, [L+, L_] — 2L3; 


L3, Lj 


= ±L±, 


L+, L_ 


— 2 L 3 . 
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Furthermore, a simple calculation shows that 


L" = - (L+i_ + L_L+) + L^L, = - (L+L_ + L_L+) + L,i, = P, 

A spherical harmonics /„ corresponding to one of the highest weight states dehned by 


is obtained by 


L+fn — L^fn — 0, 


fn = sin" e, with Cn = 


n + 1 


where n is an integer required by the periodicity under y —)■ y + 27r and is non-negative required by 
the normalizability of /„; n G Z>o. It has the eigenvalues (/ = n/2,m = n/2,m = n/2) for 
L 3 and L 3 , 


LVn = L^fn = 


n\ fn 


n 


n 


+ 1 ) /n, -hs/n — L^fn — — fn, 


which corresponds to the spherical harmonics = </?n/ 2 ,n/ 2 ,n/ 2 - 

Therefore, a state corresponding to is given by 

_ ( rrfi ! 

Lffn+m = ^ COs" 6- siu”^ 6, 

ml 

with^® m = I + fh and n = I — m. The integers m and n run from 0 to cxo. A further calculation 
yields 


\ / m\ 


1 d 


cos"-^ e- sin™-^ e V sin 29 dO 


cos^" 9 - sin"™ 0, 


2m , 


where the integer k runs from 0 to n -|- m. Multiplying it by an appropriate normalization constant, 
we refer to it as hn,m,k (n, m = 0,1, 2, 3, • • • ; A; = 0,1, 2, • • • , n + m). 


G.6 Prom Killing Spinors on 3-Spheres to 5-Dimensional Killing Spinors 

Introducing the basis of two-dimensional spinors 

C± = ^ 

and combining them with the Killing spinors e, C~^e* on the 3-sphere to give the five-dimensional 
spinors 

e ® C±, ® C±- 

The action of = I 2 0 r 2 on these spinors can be seen as 

7^5 ^ = ^i{e® C±), 0 C±) = T*(C3-'e* 0 C±), 

and for the gamma matrices 7 a (a = 1, 2, 3), 

7a (e 0 C±) = iraC 0 C±, la 0 C±) = ±raC3'^e* 0 C± = TC3'^ (^a)* e* 0 C±, (a = 1, 2, 3) 

^®Note that the integer m here is not the eigenvalue of L 3 . 
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In the text, we assume that the Killing spinors e" obey 

*745^“ = (7-3)“ 

or more explicitly, we make the ansatz 

e^ = e(8)C+, e^ = C^^e*®C-- 

G.7 Auxiliuary SU{2) Flavor Spinors 

In order to construct the off-shell supersymmetry of the hve-dimensional theory, besides the super- 
symmetry parameter we need to introduce an additional supersymmetry parameter (d = 1, 2), 
with the index a of an additional SU{2) flavor group which are not an subgroup of the Spin{5)R 
/^-symmetry group. 

In this paper, we take the supersymmetry parameter £“ in the form 

= e ^ C+, ® C-, 

where e is an two-dimensional spinor. By a simple examination, one can see that e and C^^e* are 
linearly independent. For this parameter e", we take £“ to be 

£^ = e®C-, ® C+; £“ = 7^ 

so that they obey 

Since the two-dimensional spinors are linearly independent, these supersymmetry parameters 
£" form the basis of the four-dimensional linear space of hve-dimensional spinors. 

The covariant derivative is dehned by 

- \a;^ (d.,) 

where we assume that the gauge held takes the same as 

H Dictionary among Notations 

In this paper, we follow the same procedure as in [24] to obtain hve-dimensional M = 2 supersym¬ 
metric Yang-Mills theory in the supergravity background, but our notations are diherent from the 
ones in [24]. The procedure is based on the dimensional reduction of the oh-shell supergravity in 
[25], where diherent notations from [24] and ours however, are used. Therefore, the list of the dihrent 
notations among [25, 24] and ours may be convenient for the readers. 

We use the common Lorentz metric with the signature (—, -f, • • • , -h). However, the indices of 
Lorentz vectors are diherent; for a Lorentz vector V- in our notations, it is 'V°‘ in [25] and V- in [24]. 

Note here that the underline_indicates that it is a six-dimensional one in our paper. That’s why 

the above V carries the underline V in ours, but not in [25, 24]. However, the underline_carried 

by the Lorentz indices or the coordinate frame indices means that they are six-dimensional in [24] 
and ours, but not in [25]. 
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Bergshoeff etal. [25] 

Cordova-Jafferis [24] 

ours 

the Lorentz vector indices 

a, b 

a, b 

a,b 

the Spin(5)ij ~USp(4)~sp(4)j^ spinor indices 

hj 

m, n 

a,P 

the Spin(5)i(; ~USp(4)~sp(4)ij vector indices 



I,J 

the Spin(5)i{ charge conjugation matrix the USp(4)~sp(4)/j invariant metric 

^ij 

^mn 

^a/3 

the gamma matrices of the Lorentz group 


r“ 


the charge conjugation matrix of the ’ 

^orentz group 

C 

c 

iC 

the spinor indices of Spin(5)/j 

Ipi 

'4^m ~ ^nm 


the conjugate of a spinor -0" 

-0* = i 


ta = = iff 

the local Lorentz (dependent) gauge field fl/,— 

, . ab 

. . ab 


the Spin(5)/j gauge field 

= V/ 

T/ mn T/ nm 

i:y^ = (i/2)x/''(pw)”fl, 

V," = -n/' 

the auxiliuary field 


r^mn 

U 


the scalar field 0"^ of the tensor multiplet 


^mn 


the scalar spinor y" of the tensor multiplet 





Table 6: Dictionary of notations in [25, 24] and ours. 


93 






























































We use the common algebra of the gamma matrices of the Lorentz group, but the different 
notations of the gamma matrices are used, as listed in Table H. The properties (90) of our charge 
conjugation matrix C_ are also enjoyed by C in [25] and C_ in [24]. However, since our dehnition of 
the conjugate ijj of spinors is different from the ones in [25, 24] by i = \/—1; ■?/;* as is seen 

in Table H, our charge conjugation matrix C multiplied by i is equal to the ones in [25, 24], 

The spinor indices a, 13 of the Spin(5)j:j symmetry in our paper are i,j in [25] and m,n in [24], 
and they run from 1 to 4. Only in our paper, the vector indices /, J of the Spin(5)R are introduced. 
Since there is the equivalence Spin(5) ~ USp(4), the Spin(5)/j group is referred to as USp(4) in [25], 
and its Lie algebra as sp(4)/{ in [24]. The invariant metric Qij of USp(4) in [25] is Qmn in [24] and is 
the charge conjugation matrix of Spin(5)/j in ours. 

As shown in Table H, the gauge held flj,— of the local Lorentz symmetry is referred to as in 

[25] and in [24]. The curvature tensor of the gauge held is dehned in [25] by 




ab 


ab, ac 
i + bOu 




flC 


- 2 (//e„‘ - //e/ - //e/ + /„‘e/) + ■ ■ ■ , 


with the ellipses • • • denoting the contribution from the fermionic helds, following the usual con¬ 
struction of the curvature tensors in the conformal tensor calculus [26]. Upon the deformation of the 
superconformal algebra, the gauge held becomes dependent [25]; 

// = 

in their notations, where the curvature R' is with the underlined terms omitted 

in the above. The Ricci curvature = 8'hR3{M) and the scalar curvature R\M) = 

e^aR 'are also dehned in [25]. 

In the notation of [24], R is the scalar curvature of and is equal to R'{M) with the fermionic 
contributions omitted. 

The curvature tensor (H) of H,,.— in our conventions is the same as the bosonic contribution 
of R !in [25]; Rin,—{Vt) = with | denoting the omission of the terms including 

ferminic helds. Our convention of the Ricci curvature is R^-{^) = Q^Ru^—i^l) = —R' and 
R(0) = -R'(M)| in [25] and R(0) = -R in [24]. ~ ~ 


H.l Difference in Notations between the Previous Paper and this paper 

Before estimating the partition function, we don’t need to use the complex conjugate of the scalar 
helds 0^ and the hermition conjugate of the spinor x°‘ to obtain the supersymmetry transformations, 
the supersymmetry algebra, and the supersymmetric action. However, the scalar helds 0^ have the 
negative signature in the kinetic terms, and therefore, it is necessary to perform the “Wick’s rotation” 
of the scalar helds 0^ to dehne the partition function. We will regard them as pure imaginary. 

However, the four scalars 0* (i = 1, • • • , 4) in the previous paper have the positive signature, and 
we can regard them as real scalars. Thus, they form the complex scalars LT", H^, and the scalars 
H°‘, Ha in the previous paper can be identihed as 

Hi, = (ffi) U4>‘, H“ = {Ht.r = ±01 (<?.) 
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the previous paper [1] 

this paper 

the gamma matrices of the Lorentz group 

r^,C5, = 

7^C, (/i = l,---,5) 

the supersymmetry parameter e" 

E" 

e^/V2 

the non-abelian 

gauge held 

vm 

A, 

the gaugino held A" 

v]>“ 

A“/(2x/2) 

the scalar held a 

a 

—a 

the scalar helds 0* 





±i(di)“i0Vv^ 

the spinor held "0“ 





±(V2) {r=^fc 

the auxiliuary SU{2] 

indices (d = 1, 2) 

a,(3 

a, P 

Fho 



Table 7: Difference of notations between [1] and this paper. 
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in terms of 0® (i = 1, • • • ,4) in this paper. 

= (<Ti) = £“%^, f = T^[{a‘)\H^+, 

In order for the supersymmetry transformation and the action in the previous paper to be con¬ 
sistent with the ones in this paper, we need to identify 

S = T|r=‘. s< = ±'-(r-yc. 

But, the symplectic Majorana condition of "0“ is inconsistent with the hermitian conjugation of S. 
Since we don’t use the symplectic Majorana condition of to ensure the supersymmetry transfor¬ 
mation, the supersymmetry algebra, and the supersymmetric action, this identification never causes 
any troubles. 

Through the dictionary, the on-shell supersymmetry transformation (19) may be rewritten in 
terms of the notations in the previous paper as 


6vm = 
= 


Sa = ((ji/" = iSE“), 

^ i' 77 t^MN I ^ ^ 

"o + t — T;—CtmAtI CT 

z \_Z Zoc 

-is.,<7 p«) -ig{ [J^^ Hf] - [H\ H.] )E«. 


(5H = 


T^VuH^ + ig [a, 


^ T^MN TJ + -pMiV TJ 

-Mq. — tMAf-L -n, 


MN i 


2a 


- (S'l + E'f^Su) \(dif + {<Tj)\,Hi‘] (a,y 


E“, 


and the equations of motion (20) of A", "0“ as 

+ ig [cr, T"] + ig 5] - ige'^^ [H^, C-^E*] 

oQ 4 ^ Z 

T^VmE - ig [a, H] - 2ig [H^, 

= ((cr'^y iS + (a®^y aC-'H*) - 

The Killing spinor equation (7) in the old notations becomes 

TT-* ^ c (a "p v/3 ^ pTYpa ^ p KLs^a p KLs^a 

Um^ — ->->p (<7 ) pi ^ ~ M ^ ^ ^ ’ 

with the covariant derivative 

PmE“ = ^mE^ + ^ 6mE“ + i (ct,,)“ ^TmE^. 

Under the background 

a = 1 {bM = 0), —G 45 = 'S '12 = 534 = -, ^45 = -, = —-UJ 

a 2 4 2 


96 








the Killing spinor equation is reduced to the one in the previous paper 

V V'O ^ "P 45^0 

— —-J- M ^ • 

The Killing spinor in the previous paper has the additional property 

r45E“ = -i (r3)“^S^. 

(r^s“ = i (rg)" r^E" = -i (rs)" ^r^E^). 


The equations of motion are also reduced to the ones in the previous paper. 

In order to lift the on-shell supersymmetry transformation to the off-shell one, introducing the 
auxiliuary field to replace 

(ts) y + 2 ij (^[//^ Hj,] - [H\ , 

and using the equations of motion of the spinors with the background, the supersymmetry transfor¬ 
mation of reproduces the previous one 


= iE(“ ( + ig a, 


It yields the off-shell supersymmetry of the vector multiplet (um, A", a, in the previous paper. 
For the self-dual Sij] = 2S'jj, the term in (5S, 


1 

2 


(S» + e«“SM) \(ajf + (<7,)' (a,) 




can be rewritten by using the formulas 

^k— _ ^k ^ \ ^ kl ^ ^ ^k _ ^k ^ ^ kl ^ 

Q 

It facilitates the computation to verify that the off-shell supersymmetry transformation of the hy- 
permultiplet (if^, S, Fho) with the auxiliuary field Fua gives rise to the one in the previous paper. 
In fact, by modifying the on-shell supersymmetry transformation as 


hS (55 -I-F//q,E“, (5FffQ, = zEQ,(the e.o.m. of S), 


one can lift it to the off-shell supersymmetry transformation. 
In the previous paper, we have given the action^^ 


F= ^/g d^x tr 


\vMNV^^ + ^ DMaD^a - ^ - D^H^DmH^ + Fn^Fua 


1 2 
+ 2'^c.s. + 


1 + -i?(E) - U 45 


a 




+/ [a, H^] [a,H^]+tgD‘^^ 






-g^^ [a, vl/“] - gE [a, 5] - 2gE [H^, v1/“] + 2g [H\ 


^^The mass term of in the action C didn’t include the curvature term in the previous paper [1]. 
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where the term ooc.s. denotes 


d^x tr ( dnVk + [Vn, Vk] 


= I nA ( dn +A n ) Avol(S) = j y/g d^x tiluc.s], 


with vol(S) the volume form of the Riemann surface S. 

Integrating out the auxiliuary fields -D"^, Fjja in the action, one obtains 


C\ = / y/gd^xti 


- ^vmnv^^ - ^ DMcrD^a - 

+Vs. + ]-a‘^-{l + V(S)^ - g{Ts)%a \h^ 


4 


+g^ [a, m] [a, H^] - g^ [H\ H^] 




+ -g^ [H^ H^] [H^ H^] 


^ - '-ET,,E 

-g^^ [a, 4/“] - gE [a, H] - 2gE [H^, 4/“] + 2g [H^ 


It enables us to compare it easily with the action S in (22-25), and one can see that the substitution 
of the background on the round 3-sphere in subsection 5.1 into the action S exactly reproduces the 
above action. 
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